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Abstract 
 
A new resonance self-shielding method using a pointwise energy solution has been 
developed to overcome the drawbacks in the equivalence theory. In reactor physics, the equivalence 
theory has been widely used in calculating the effective multi-group cross sections for the neutron 
transport analyses. The neutron transport codes adopting the equivalence theory give reasonable 
solutions within short computation time. However, there are still a lot of limitations in the equivalence 
theory even though many modified and improved equivalence theories have been published over the 
past several decades. The significant drawbacks in the equivalence theory are newly figured out in 
this work, and the new method is proposed to overcome the problems. The equivalence theory uses 
the intermediate resonance approximation on the resonance scattering source and the multi-term 
rational approximation to represent the fuel escape probability. With these approximations, the 
effective multi-group cross section is derived with the asymptotic equations. However, there is a gap 
between the derivation and the practical usage in the lattice physics code. In addition, the equivalence 
theory assumes that the constant distribution of the scattering sources in the fuel pellet even though 
the source distribution is quite important in view point of the fuel escape probability. These methods 
and approximations cause significant errors, in that they overestimate the effective multi-group cross 
sections, especially for 
238
U. The new resonance self-shielding method solves pointwise energy 
slowing-down equations which are derived for a sub-divided fuel pellet and a non-fuel region. A two-
step method is developed to efficiently calculate the collision probabilities of the sub-divided fuel pin-
cell. In the first step, the collision probabilities of the sub-divided fuel pellet are calculated assuming 
that the fuel pellet is isolated. In the second step, a shadowing effect correction factor is derived based 
on the equivalence theory to consider the global self-shielding effect. In addition, a fictitious 
moderator material is generated to model realistic scattering source from the moderator. The slowing-
down solutions are used to generate the multi-group cross sections of the sub-divided fuel pellet. 
Various techniques and assumptions are incorporated to maximize calculation efficiency in solving 
the pointwise energy slowing-down equations. Especially, the new method significantly reduces the 
number of MOC fixed-source calculations which is one of major time consuming calculations in the 
resonance self-shielding calculation. Although the new method performs the pointwise energy 
slowing-down calculations, the computational cost is not expensive even compared to that with the 
conventional equivalence theory. With various light water reactor problems, it is demonstrated that 
the new resonance self-shielding method successfully overcomes the limitations of the equivalence 
theory and shows great accuracy in calculating the multiplication factor, the multi-group cross section, 
the reaction rate, and the power distribution with no compromise in computation time. 
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1 
I. Introduction 
 
 In reactor physics, all calculations are carried out with cross sections (XSs). The actual XSs 
for nuclides describe the very detailed energy resolution. Typically, the XS data is composed of 
several hundreds of thousands of energy points for major resonant nuclides (i.e., 
238
U). Even on 
today’s computing resource, it is still time consuming and impractical to directly utilize ultrafine 
energy groups or continuous energy to represent the XS data in the lattice physics calculations and the 
subsequent core calculations. Because of this, the XSs, especially in the resonance energy range, are 
needed to be condensed during the neutron transport and the diffusion computations. In the first step, 
the resonance self-shielding calculation (or resonance treatment) is performed to condense the 
detailed XS into the multi-group level (e.g., ~ 100 groups). Therefore, if the resonance self-shielding 
calculation is not accurate, all the subsequent calculations would be meaningless and must have error 
in the results. The resonance treatment is one of the most difficult and challenging part of reactor 
physics. 
 The equivalence theory has been widely used for the resonance treatment [1,2]. The 
equivalence theory gives a reasonable solution within short computation time. Because of this 
advantage, many lattice physics codes adopt the equivalence theory to generate the effective multi-
group XS [3,4]. There have been a lot of research into equivalence theory to improve the accuracy of 
effective multi-group XS and the applicability for general geometry [5,6,7]. However, there are still a 
lot of missing points in the resonance calculation. Recently, Cao reported that the multi-group 
238
U 
absorption XS from the equivalence theory tends to be overestimated [8]. He concluded that the flux 
from narrow resonance (NR) approximation in the equivalence theory is problematic, and suggested 
an improved resonance treatment method using a pre-generated look-up table of integrated flux like 
the effective multi-group XS. Yamamoto focused on the reaction rate preservation between the ultra-
fine group calculation and the effective multi-group XS calculation with multi-term rational 
approximation, and suggested an improved derivation [9].  
 The overestimation of the 
238
U effective XS is addressed in this work. This work figures out 
that resonance scattering causes the problem. In the equivalence theory, the resonance scattering 
source is approximated by the intermediate resonance (IR) approximation, and the resonance 
scattering XS is usually neglected in resonance treatment process. However, some nuclides (i.e., 
238
U) 
have very large resonance scattering XSs, and the equivalence theory causes significant error in the 
effective XS because of the following reasons. First, the expression for the effective XS is derived 
from the multi-term rational approximation and NR or IR approximations. The derivation is based on 
IR approximation, but the final effective XS is calculated as a linear combination of effective XSs 
from multiple dilution systems. This discrepancy between the derivation and usage of the XS look-up 
2 
table can cause an error in the effective XS. Second, the equivalence theory cannot treat the spatial 
distribution of the effective XS inside the fuel pellet. The theory gives the average effective XS of the 
fuel lump so that spatial self-shielding and spatial distribution of the scattering source of the fuel 
cannot be considered properly. There are several methods which to consider the spatial self-shielding 
inside the fuel pellet [10,11,12]. However, the methods are based on the average effective XS [11] or 
the average escape probability approximation [10,12] with IR approximation so that the accurate 
resonance scattering source cannot be considered.  
 This work suggests a new resonance self-shielding method using pointwise energy slowing-
down solution to resolve the two problems described above. The new method computes the collision 
probability inside the fuel, and then solves pointwise energy slowing-down equations based on the 
pin-cell. The shadowing effect correction factor and the fictitious moderator are introduced to derive a 
realistic pointwise energy slowing down equation. The effective multi-group XS is calculated using 
the pointwise flux spectrum. The new method successfully improves the overestimation of 
238
U XS. 
The resonance interference effect is considered spontaneously because the mixture of nuclides in fuel 
is considered during the search for the solution to the pointwise energy slowing-down problem. The 
new method is verified with various light water reactor (LWR) problems and shows significant 
improvements in the accuracy of the effective XS and the multiplication factor. Some part of the new 
methods was presented in the previous work [13]. This paper will show more complete descriptions of 
the method and the detailed XS and reaction rate comparison to show the accuracy of the method. 
 
 
 
 
  
3 
II. Overestimation of 238U Cross Sections  
 
 The conventional equivalence theory is summarized in Section 2.1, and the numerical results 
are described in Section 2.2 to show the overestimation of 
238
U XS with the equivalence theory. In 
Sections 2.3, 2.4, and 2.5, the reasons of the overestimation is examined systematically. In Section 2.6, 
the contemporary resonance self-shielding methods, which will be used in the numerical comparison, 
are described.  
 
2.1. Equivalence Theory 
 The equivalence theory is derived with the transport equation with collision probabilities for 
the two-region problem as follows:  
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F  is the index of the fuel pellet; M  is the index of moderator; , ( )t F E  is the total XS of fuel; 
( )F E  is the flux in fuel; FV  is the volume of the fuel pellet, ( )FFP E  is the first flight fuel 
collision probability (or fuel-to-fuel collision probability); ( )MFP E  is the collision probability from 
M  to F ; 
rN  is the number density of the nuclide r ; ( )
r
s E  is the scattering XS of the nuclide 
r ; 
2 2(1 ) (1 )r r rA A    ; and rA  is the mass of the nuclide r . 
 The scattering source from the nuclide in the fuel material is written with the IR 
approximation as follows: 
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where r  is the IR parameter; and r
p  is the potential XS of the nuclide r . 
 The scattering source from the nuclide in the non-fuel material (or moderator) is 
approximated as follows: 
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 Although the IR parameter is introduced to approximate the resonance scattering source, the 
IR parameter considers the average energy loss in the collision as well as the width of resonance peak 
in the practical lattice physics calculation [1]. This is why the IR parameter is used in approximating 
the scattering source of the moderator, even though the moderator usually does not have a resonance. 
Eq. (1) is rewritten by using the approximated scattering source and the reciprocity theorem in Eq. 
(6) as follows: 
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where , , ( or )
r r r
X p X p
r X
N X F M  

   ; and the reciprocity theorem is 
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 Then, the fuel-to-fuel collision probability is approximated by the rational equation as 
follows:  
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where N  is the number of rational expressions; n  and n  are the coefficients of the n-th rational 
term for the fuel rod; and e  is the escape XS of the fuel rod which is expressed as the inverse of the 
mean chord length [1]. 
 It should be noted that the subscript F  is not indicated in na , n  and e  for 
simplification, even though the parameters are for the fuel rod. When the multi-term rational 
approximation is used, the total flux is approximated as a linear combination of the n-th fluxes. By 
substituting Eq. (7) into Eq. (5) with the approximation, the flux is  
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5 
where , ( )rs F E  is the resonance scattering XS of the fuel. 
 In the equivalence theory, it is assumed that the fuel contains only one resonant nuclide and 
only the nuclide has the absorption XS. Therefore, , ( )a F E  and , ( )rs F E  are assumed to be both 
macroscopic XSs of the fuel and the resonant nuclide r  (i.e., , ( ) ( )
r r
a F aE N E  ). The flux in the 
fuel is rewritten as Eq. (9) by dividing the numerator and denominator by the number density of the 
target nuclide r . 
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where ( )ra E  is the absorption XS of the nuclide r ; ( )
r r
rs E   is the resonance scattering XS 
multiplied by the IR parameter of the nuclide r ; and ,
r
b n  is the n-th term background XS of the 
nuclide r  and it is defined as follows: 
 
  , ,
1r
b n F p F n erN
       . (10) 
 
 The lethargy form of Eq. (9) is 
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 Usually, the resonance scattering XS in Eq. (11) is dropped for simplicity. The effective 
multi-group XS is calculated as a ratio of the reaction rate to the flux integrated over the energy range. 
Therefore, the multi-group XS for the reaction x  is calculated as follows: 
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where 
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 Actually, the IR parameter has energy dependency because every resonance has a different 
width. Therefore, energy integrated IR parameter r
g  has energy group dependency. The multi-group 
parameters such as ,n g , ,n g  and , ,
r
b n g  also have energy group dependency.  
 Some lattice codes use the resonance integral (RI) form for the effective XS as follows: 
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where the RI is 
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 Eq. (16) is merely a different expression of Eq. (12). In Eq. (12), the XS and flux are 
expressed as multi-group forms while the reaction rate and RI are written as the multi-group form in 
Eq. (16). Although the effective XSs in Eq. (12) are derived based on the IR approximation, the 
effective XSs from the explicit slowing-down calculations are used in the actual calculation. The table 
of the effective multi-group XSs is pre-generated for various diluted conditions (i.e., background XS). 
The lattice code calculates a relevant background XS, 
, ,
r
b n g , for a given problem, and then 
interpolates the effective XS into the pre-generated XS look-up table.  
 There are various calculation methods for the coefficients of the first flight collision 
probability in Eq. (7). The enhanced neutron current method [14] and gray resonance treatment 
method [6] solve the fixed-source transport equation without the resonance scattering XS as follows: 
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where ( , )g v   is the angular flux for the position v  and angle  ; and 
*
, ( )x g v  is the 
approximated XS of the reaction x . 
 In the enhanced neutron current method, the total XS or the absorption XS are assumed to be 
infinite, and the Dancoff factor is calculated from the total reaction rate of the fuel region. The 
Dancoff factor can be used in the calculation of the rational approximation with Wigner’s one-term or 
Carlvik’s two-term method [1]. In the gray resonance treatment method, the fuel flux is calculated 
with several discrete values of the fuel XSs, and then the rational approximation is calculated through 
the least square fitting process to the fuel flux. In their methods, the resonance scattering XS was 
omitted, but Eq. (18) can be easily rewritten with the resonance scattering XS as follows: 
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 Until now, the conventional equivalence theory has been derived. There are several modified 
forms of the equivalence theory. The WIMS code adds the resonance scattering term in the derivation 
as shown in Eq. (20) [4]. The resonance scattering part is usually dropped in the conventional theory 
assuming that the resonance scattering XS does not make a significant contribution.  
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 Yamamoto proposed the reaction rate preservation method for the multi-term rational 
approximation [9] focusing on the idea that the multi-group flux should have one absorption XS 
,
r
a g  
in their denominator of all the rational terms in Eq. (12), not n-th term dependent absorption XS 
, ,
r
a n g . The unified absorption XS ,
r
a g  has a relation in Eq. (21). With the new absorption XS, the 
effective XS is newly defined as Eq. (22) 
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 Cao proposed an improved derivation for the effective XS using the integrated flux look-up 
table similar to the XS look-up table [8]. In the method, the integrated flux is generated as a function 
of the background XS while the conventional theory uses an asymptotic expression in Eq. (14). With 
the integrated flux, the effective XS is calculated as follows: 
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where 
,
SD
n g  is the integrated flux from the slowing-down solution with , ,
r
b n g  dilution. 
 
2.2. Numerical Test with Equivalence Theory 
 
Table 1. Material composition of base pin-cell problem. 
Material Nuclide 
Number density 
(#/barn-cm) 
Fuel 
238
U 2.22265E-02 
16
O 4.55881E-02 
Moderator 
1
H 6.67232E-02 
16
O 3.33616E-02 
 
 A base pin-cell problem was designed to demonstrate the accuracy of the methods in the 
previous section. The pin-cell has 0.4 cm of radius of the fuel pellet and 1.2 cm of the pin pitch. The 
reflective boundary condition was applied on all sides of the pin-cell. Material compositions are 
shown in Table 1. The temperature of all the regions is 293.6 K. The reference was MCNP6 Monte 
Carlo code [15]. The numerical test was performed with the lattice physics code STREAM [5]. 
STREAM uses the method of characteristics (MOC) for the transport calculation and the equivalence 
theory for the resonance treatment. All simulation codes in this work use ENDF-B/VII.0 nuclear data. 
The three-term rational approximation was used for the numerical test in this section. The following 
four methods were tested. 
 
9 
1) EQ: The conventional equivalence theory with Eq. (16). 
2) EQ/RR: The equivalence theory with the reaction rate preservation method for the multi-term 
rational approximation in Eq. (22). 
3) EQ/RS: The equivalence theory with the resonance scattering part in Eq. (20). 
4) EQ/IF: The equivalence theory with the integrated flux in Eq. (23). 
 
 
Fig. 1. Comparison of 
238
U absorption XSs with the equivalence theory (base pin-cell problem). 
 
 Fig. 1 shows the comparison result of the absorption XS of 
238
U. The absorption XS with EQ 
is highly overestimated in Groups 24 to 29. Especially, the absorption XS of Group 26 is 
overestimated by about 5%. EQ shows accurate results in Groups 15 to 22 where narrow resonance 
exists. EQ/RR shows some improvements in computing the absorption XS. The absorption XSs in 
Groups 23 to 29 are reduced compared to that with EQ. However, the XSs are still overestimated in 
Groups 23 to 27. EQ/RS does not have any significant difference compared to EQ. It means that 
considering multi-group resonance scattering XS does not have a significant impact on the effective 
XS calculation. Some of the overestimated 
238
U XSs are reduced with EQ/IF. However, there is still 
significant difference in Groups 24 to 27, and the XS in Group 29 is overcorrected with EQ/IF method. 
The tendency of EQ/IF is similar to the original paper [8]. From this numerical test with the 
equivalence theory and the modified methods, it is concluded that the conventional equivalence 
theory has significant error in the calculations of the absorption XSs. Several modified methods [4,8,9] 
show some improvements but there still remained significant errors in the XSs.  
  
10 
2.3. Pointwise Energy Approach 
 Significant errors were detected in the 
238
U absorption XSs with the multi-group approaches 
(equivalence theory). Two main reasons of the discrepancy are discussed in this section. One is 
inconsistency between the derivation of the effective multi-group XS and its usage. The other is the 
flat scattering source approximation on the fuel pellet.  
 The transport equation in Eq. (1) is simplified with the reciprocity relation and the 1/ E  
source approximation on the moderator scattering source as follows: 
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 Eq. (24) is arranged for the flux with the rational approximation in Eq. (7) as follows: 
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 In the derivation of the equivalence theory with the multi-term rational approximation, it is 
assumed that the total flux is expressed as a linear combination of the n-th fluxes as discussed in Eq. 
(8). With this assumption and the IR approximation, the flux is written as follows: 
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 It is sure that the flux can be separated into each n-th term because the scattering source of 
the fuel with IR approximation ,p F  does not have any dependency on n. For the sake of the 
separation of the flux into n, the multi-group XS can be written as a function of n (or n-th background 
XS), and the final expression of the effective XS is made as a linear combination of the N effective 
XSs and the N fluxes.  
 Although the effective XS is derived based on IR approximation, the multi-group XS from 
the slowing-down calculation is used in the practical calculation to achieve higher accuracy, as 
discussed in Section 2.1. The multi-group XS is pre-generated as a function of the background XS by 
solving the slowing down equation, and then the lattice physics code interpolates the multi-group XS 
using the background XS. The effective XS and background XS have one-to-one relationship in the 
look-up table. The discrepancy between derivation of the effective XS and the usage of the XS look-
up table is the first reason for the overestimation of 
238
U absorption XS. In this process, each n-th 
effective XS 
, ,
r
x n g  is interpolated with the n-th background XS , ,
r
b n g . In other words, the transport 
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equation for the n-th system in Eq. (27) is solved independently from the other systems. As a result 
of Eq. (27), , ( )F n u  is known for each n-th system. The final effective XS is calculated by using the 
separated fluxes as Eq. (28). 
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where , , ( )s F nQ u  is the scattering source of the fuel for n-th system, and it is defined as follows: 
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 In Eq. (27), the each n-th system has its own scattering source and flux. However, the 
scattering source in Eq. (24) cannot be separated for each n-th system when the equation is derived 
with the slowing-down scattering source , ( )s FQ u  because the total flux, F , is placed in the energy 
integral and the total flux is used to calculate the scattering source, as shown in Eq. (2). This can be 
expressed as follows:  
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 The scattering source must have information of the entire system, not separated N systems 
independently. Therefore, the scattering source and the flux should be calculated by solving Eq. (31), 
and the effective XS by Eq. (32). 
 
 
, ,
, , ,
, ,
( ) ( )
( ) ( ) ( ) 1 ( )
( ) ( )
t F t F
t F F n s F n t F
n nt F n e t F n e
u u
u u Q u u
u u
  
 
  
            
   , (31) 
 
12 
 ,
( ) ( )
( )
g
g
r
x F
ur
x g
F
u
u u du
u du
 







 . (32) 
 
 Unfortunately, there is no way to pre-generate the solution of Eq. (31) for use of the XS 
look-up table because there is only one solution (i.e., the effective XS) of Eqs. (31) and (32) while 
multiple background XSs are used in the equation. The effective XS and the background XSs cannot 
be matched one-to-one.  
 
2.4. Numerical Test with Pointwise Energy Approach 
 The difference in the effective XSs between Eqs. (28) and (32) is numerically tested in this 
section. A pointwise energy (PW) 0-D slowing-down module was developed to solve the Eq. (31). 
For this numerical test, the three-term rational approximation was used. The three-term rational 
equation was calculated numerically with the geometry of the base pin-cell problem which is same 
problem in Section 2.2. The coefficients of the rational equation are shown in Table 2. 
 
Table 2. Coefficients of three-term rational equation. 
n  na  n  
1 1.422510 1.491740 
2 3.464850 -0.699455 
3 5.131570 0.207720 
 
 In addition to PW 0-D solutions, the identical problem was solved with a PW 2-D MOC 
program. The following are calculation options for this numerical test  
 
1) 1-mesh-PW-MOC: PW 2-D MOC solution with 1-mesh flat source region in the fuel. 
2) 15-mesh-PW-MOC: PW 2-D MOC solution with 15-mesh flat source region in fuel. 
3) Separated-PW-0D : PW 0-D solution with Eqs. (27) and (28). 
4) Combined-PW-0D: PW 0-D solution with Eqs. (31) and (32). 
  
 In the two sets of the PW 2-D MOC calculations, 1-mesh and 15-mesh flat source regions 
were used. When the effective XS of 15-mesh-PW-MOC was compared to the MCNP6 result, the 
average effective XS in the entire fuel region was calculated by taking the average as follows: 
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where i  is index of the radial sub-region of the fuel.  
 The PW 0-D equations were solved without considering distributions of the scattering 
sources and the fluxes in the fuel sub-regions. It is based on the conventional equivalence theory 
which assumes the one flat source region in the fuel. 
 
 
Fig. 2. Flat source divisions for pointwise energy MOC calculation. 
 
  
Fig. 3. Comparison of fuel region-averaged 
238
U absorption XSs with pointwise energy approaches 
(base pin-cell problem). 
 
 The methods based on the equivalence theory in Section 2.1 should match with Separated-
PW-0D solution if the multi-group parameters such as g , ,FF gP and , ,
r
b n g  were properly made to 
reproduce the pointwise (or continuous energy) solution. In Fig. 3, Separated-PW-0D shows 
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overestimated 
238
U absorption XS similarly to the results with equivalence theory in Fig. 1. The 
absorption XS in Group 26 is overestimated by 5%. Combined-PW-0D shows the improved 
absorption XS, especially in Groups 23 to 27. The maximum difference is less than 3%. The PW 0-D 
calculation should reproduce the 1-mesh-PW-MOC result. The result of Combined-PW-0D is similar 
to 1-mesh-PW-MOC result. On the other hand, there is a significant difference in Separated-PW-0D. 
The difference between Combined-PW-0D and Separated-PW-0D comes from whether the scattering 
source and flux have information on the entire system or independently separated N dilution systems. 
 Although Combined-PW-0D shows the more accurate solution than Separated-PW-0D, there 
is still significant error. The remained error comes from mesh divisions in the flat source regions. This 
error can be noticed by comparing 1-mesh-PW-MOC and 15-mesh-PW-MOC. Most of the error in 1-
mesh-PW-MOC has disappeared in 15-mesh-PW-MOC. The calculation with one radial mesh of fuel 
cannot model the distributions of scattering source and flux inside of fuel. However, the distribution 
of the scattering source inside the fuel is very important in terms of the fuel-to-fuel collision 
probability and fuel escape probability. The fuel-to-fuel collision probabilities are compared in the 
Fig. 4. 
 
  
Fig. 4. Comparison of fuel-to-fuel collision probability (base pin-cell problem).  
 
 The region-averaged fuel-to-fuel collision probabilities of 15-mesh-PW-MOC and 1-mesh-
PW-MOC were calculated by weighting the scattering source as described in Eq. (34).  
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where , ( )s iQ u  is the scattering source of the sub-region i ; and ( )ijP u  is the first flight collision 
probability from i  to j .  
 The way to calculate the collision probability ( )ijP u  is described in the reference [13]. The 
3-term-eq is the three-term rational approximation in Eq. (7) 
 
 ,
1 ,
( )
( )
( )
N
n t F
FF
n t F n e
u
P u
u




  
  . (given in Eq. (7)) 
 
 As shown in Fig. 4, 3-term-eq and 1-mesh-PW-MOC show quite similar FFP  with less than 
0.36% difference. However, there is a quite significant difference between 3-term-eq and 15-mesh-
PW-MOC in Groups 23 to 29. Especially, about 10% difference is detected in Groups 26 and 27. This 
discrepancy occurs because the scattering source distributions inside the fuel is not modeled in 1-
mesh-PW-MOC and 3-term-eq. 
238
U has large resonance scattering XSs in 15 eV ~ 75 eV. Neutrons 
that flow from a moderator into a fuel have scattering reaction and absorption reaction in the 
peripheral area. Thus the flux is significantly depressed from the outer to inner region near the 
resonance peak energy. The scattering source distribution also shows a profound depression from 
surface to the inner part of the fuel as shown in Fig. 5. The large resonance scattering XSs of 
238
U 
makes this phenomena more significant. Definitely, neutrons in the outer region escape from the fuel 
more easily. That is why 15-mesh-PW-MOC always shows less fuel-to-fuel collision probability than 
that with 1-mesh-PW-MOC and 3-term-eq. In the resonance treatment, the discrepancy in the fuel-to-
fuel collision probability causes the error in the effective XS.  
 
 
Fig. 5. Scattering source distribution in fuel pellet with 15-mesh-PW-MOC.  
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2.5. Numerical Test without Resonance Scattering Cross Section 
 In Section 2.4, it was mentioned that the use of XS look-up table and the scattering source 
distribution inside the fuel are the main reason of the overestimation in the effective multi-group XS. 
However, the equivalence theory has been used in many lattice codes, and it gives a reasonable 
solution, even though the two problems are not resolved yet. In this section, the point at which the 
equivalence theory causes the biased solution is discussed. 
 This work focuses on the resonance scattering XS of 
238
U. 
238
U has very large and wide 
resonance scattering XSs in epithermal energy. The resonance scattering XSs cause a significant error 
in the solution with the equivalence theory. In Fig. 6, the XSs of 
238
U are shown. A fictitious 
238
U was 
made in order to verify that the resonance scattering causes the bias. The fictitious 
238
U has only 
potential XS for the scattering XS.  
 
 
Fig. 6. XSs of 
238
U and fictitious 
238
U. 
 
 
 The base pin-cell problem in Section 2.2 was solved by the four methods (1-mesh-PW-MOC, 
1-mesh-PW-MOC, Separated-PW-0D and Combined-PW-0D). In the four methods, the modified PW 
XS library was used in order to model the fictitious 
238
U. In this comparison, 15-mesh-PW-MOC was 
set as a reference in order to avoid cumbersome work modifying the MCNP6 code. The result is 
shown in Fig. 7.  
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Fig. 7. Comparison of fictitious 
238
U absorption XSs with pointwise energy approaches (base pin-cell 
problem). 
 
 The result is quite different from Section 2.4. All the four methods show quite similar results 
to each other. 1-mesh-PW-MOC has less than 0.1% difference, compared to 15-mesh-PW-MOC. It 
means that the distribution of the scattering sources does not have a significant impact on computing 
the effective XS of the fictitious 
238
U. The amount of scattering source of the fictitious 
238
U is so small 
compared to the source from the moderator that the distribution of scattering sources of the fuel is 
meaningless. It was discussed in Section 2.4 that the effective XS from the equivalence theory should 
be identical to that of Separated-PW-0D if multi-group parameters were made properly to reproduce 
the pointwise energy solution. In Section 2.4, the significant difference was detected in the effective 
XS from Separated-PW-0D and Combined-PW-0D, because the scattering source of Separated-PW-
0D is divided into N systems and calculated independently. However, if 
238
U does not have a 
resonance scattering XS, the difference between solutions from Separated-PW-0D and Combied-PW-
0D disappears. This is because the scattering source is also very small compared to the source from 
moderator. In this situation, in which the resonance scattering XS is not significant, the equivalence 
theory can give accurate results. 
 
2.6. Contemporary Spatially Dependent Self-shielding Method 
 There are several existing methods for spatial self-shielding calculation inside a fuel pellet 
with the equivalence theory. CASMO-5 calculates the average effective XS of the fuel pellet with a 
single region, and then applies an empirical radial distribution function, which is generated from 
Monte Carlo calculations, for the 
238
U resonance integral [11]. Matsumoto developed the spatially 
dependent Dancoff method (SDDM) [12] based on the idea of Stoker–Weiss [10]. SDDM calculates 
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the coefficients of the rational approximation using the Dancoff factor for the fuel pellet with a single 
region, and applies a weighting function for the spatial self-shielding inside the fuel pellet. Both the 
CASMO-5 method and the SDDM can consider the radial self-shielding effect inside the fuel pellet 
and calculate the spatially dependent multi-group XSs. However, both methods have the following 
two drawbacks. First, the methods use the multi-term rational approximation (Carlvik’s two-term) and 
the effective XS come from the XS look-up table using the multiple background XSs. The underlying 
error in this process was discussed in Sections 2.3 and 2.4. Second, the methods use the resonance 
parameters or the effective XSs calculated for the fuel pellet with a single region. CASMO-5 
normalizes the corrected effective XS as follows: 
 
 
U238 U238 U238 U238
, , ,i i a i g i i a g
i F i F
N V N V 
 
   , (35) 
 
where U238iN  is the number density of 
238
U in the sub-region i ; U238
,a g  is the average absorption XS 
of 
238
U; U238
, ,a i g  is the corrected absorption XS of 
238
U in the sub-region i  with the empirical 
correction factor iw . as  
 
 U238 U238
, , ,a i g i a gw   . (36)  
 
 If the averaged 
238
U absorption XS is not calculated properly (as discussed in Section 2.4), 
the distributed absorption XS still has bias in the averaged XS. SDDM calculates the effective XS of 
sub-region i  using the coefficients of rational approximation for averaged fuel as follows: 
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where ,i mF  is the weighting function; and , , , ,
r
b i n m g  is the background XS defined as  
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where , ,e i m  is the escape XS of the sub-region i  and the shape m . 
 The fuel-to-fuel collision probability generated for the fuel pellet with a single region has a 
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significant error because of the scattering source distribution inside the fuel is not modeled as shown 
with Fig. 4. Therefore, SDDM also has the same problem as long as ,n g  and ,n g  are calculated 
for the fuel lump. 
 Liu developed a quasi-one-dimensional slowing-down method to account for the spatially 
dependent resonance self-shielding effect [16]. A correction factor is generated from the continuous 
energy slowing-down solution, and then multiplied to the multi-group XS which is generated by using 
the embedded self-shielding method (ESSM). The quasi-1D method with ESSM shows good accuracy 
in the calculation of the reactor parameters. However, the quasi-1D method cannot be used in 
correcting the error from resonance scattering source discussed in Section II. Instead, the error is 
resolved in process of the heterogeneous library generation. In the quasi-1D method, the continuous 
energy slowing-down solution is used in making the XS correction factor as follows: 
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where ,ESSM
, ,
r
x F g  is the fuel region-averaged multi-group XS of the nuclide r  from ESSM; 
,intf
, ,
r
x i g  is 
the spatially dependent multi-group XS of the nuclide r  from quasi-1D slowing-down solution; and 
,non intf
, ,
r
x F g
  is the fuel region-averaged multi-group XS of the nuclide r  from quasi-1D slowing-down 
solution.  
 Both XSs, ,intf
, ,
r
x i g  and 
,non-intf
, ,
r
x F g  in Eq. (39), are generated from a heterogeneous system 
(quasi-1D). Moreover, the base multi-group XS ,ESSM
, ,
r
x F g  also comes from heterogeneous RI table 
[17]. ESSM uses the heterogeneous RI table, which is generated by solving the continuous energy 
slowing-down problem with 2-D pin-cell transport solver. The resonance scattering source 
distribution is spontaneously considered in the RI library generation process so that ESSM does not 
have bias from the resonance scattering source. In other words, the 
238
U effective XS from ESSM 
without quasi-1D method does not have the error from the resonance scattering source. However, the 
generation of the heterogeneous RI table is much difficult than the conventional XS generation 
process in the equivalence theory. The heterogeneous RI table should be generated as functions of 
background XS and fuel to moderator volume ratio. Therefore, a lot of effort is required. 
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III. Pin-based Pointwise Energy Slowing-down Method 
 
 In Section II, the limitations of the equivalence theory was discussed. There was error in the 
derivation of the equivalence theory with multi-term rational approximation. Furthermore, the single 
region assumption inside the fuel pellet, which is typically used in the equivalence theory, causes 
significant error in the final effective XS. Therefore, a new resonance self-shielding method is 
required to correct the error in the equivalence theory. The new method should satisfy the following 
requirements.  
 
1) The resonance treatment without using the pre-generated RI or XS look-up tables.  
2) The accurate modeling of the distribution of the scattering sources in the fuel pellet.  
3) Reasonable computational cost. 
 
 A pin-based pointwise energy slowing-down method (PSM) was developed to resolve 
drawbacks in the equivalence theory. In Section 3.1, the general derivation of PSM is presented. In 
Sections 3.2 and 3.3, the methods to calculate collision probabilities are described. In Section 3.4, an 
additional treatment for the resonance upscattering effect of 
238
U is shown. In Section 3.5, several 
computing techniques are described for more efficient calculation. In Section 3.6, the algorithm of 
PSM is presented.  
 
3.1 General Derivation  
 A pin-based pointwise energy slowing-down method (PSM) was developed to resolve 
drawbacks in the equivalence theory. The neutron transport equation in Eq. (1) is re-written with the 
radially divided sub-regions [10] as follows: 
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where the lowercase subscripts i  and j  are the indexes of the radial sub-regions of the fuel pellet; 
the uppercase subscripts F  is the fuel pellet; and the slowing-down scattering source of the sub-
region j  is defined as follows:  
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 The fission source and inelastic scattering source are ignored in Eq. (40) because the 
equation is written for the intermediate energy range. Using the reciprocity relation and the lethargy 
form, Eq. (40) is written as follows: 
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where the reciprocity relation is  
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 By rearranging Eq. (42), the expression for the flux of the sub-region i  is written as  
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 In Eq. (42), the index M  indicates the non-fuel region. It is assumed that non-fuel material 
only has a potential XS. 
In case of the multi-region problem (i.e., fuel/gap/clad/moderator), the non-fuel regions in a unit pin-
cell are merged into a single region with the volume weighting by assuming constant spatial fluxes in 
the non-fuel regions as follows: 
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 The assumption is valid because the non-fuel materials usually do not have significant 
resonances in the intermediate energy range. Actually, the major moderator materials, i.e., H2O, have 
the constant scattering XS in the energy range. The non-fuel material is defined to give a realistic 
moderator scattering source rather than using the 1/ E  scattering source assumption. The 1/ E  
assumption, which is usually used in the equivalence theory, is valid for an ideal condition when the 
absorption rate is not significant. 
 The transport equation for the non-fuel region is written as follows:  
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where ( )MMP u  is the collision probability from the non-fuel to non-fuel.  
 Eq. (46) is arranged to the non-fuel flux as follows: 
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 If ( )ijP u , ( )iMP u , ( )MiP u  and ( )MMP u  are known, the fluxes and scattering sources in Eq. 
(44) and Eq. (47) can be calculated with fixed-source at high energy. It is difficult to calculate the 
collision probability directly for a large geometry even for a fuel assembly problem. Therefore, a 2-
step approach is developed to calculate the collision probability efficiently. In the first step of the 2-
step method, the intra-pellet collision probabilities are calculated with the radially sub-divided fuel 
pellet. In the first step, the fuel pellet is assumed to be isolated from other fuel rods and regions even 
for the cladding and moderator in the same unit pin-cell. For the cylindrical geometry, the MOC or 
collision probability method (CPM) [18] solvers can be used for the calculation. In the second step, 
the effect of the neighboring fuel rods and structure materials (so called shadowing effect or global 
self-shielding effect) is corrected by using the rational approximation for the fuel lump which is used 
in the equivalence theory. In this calculation, a shadowing effect correction factor is defined and 
combined with the collision probabilities of the isolated fuel pellet to represent the collision 
probabilities of the sub-divided fuel pellet in the lattice. More detailed descriptions for each step are 
presented in Sections 3.2 and 3.3. 
 Eq. (44) and Eq. (47) are needed be calculated simultaneously because the equations are 
coupled with the collision probability. When the pointwise energy fluxes of every sub-region are 
calculated, the pointwise energy XSs of nuclides in the fuel material are condensed into a multi-group 
XS as follows: 
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 The resonance interference effect is considered automatically in 
, ,
r
x i g  because the 
pointwise slowing-down calculations are performed with the mixed nuclides in the fuel material.  
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3.2 Collision Probability Calculation: First step – Isolated Fuel Pellet  
 In the first step, the collision probabilities of the sub-regions in the isolated fuel pellet are 
calculated. The collision probability of the isolated fuel pellet, which a neutron uniformly born in a 
sub-region i  has its first collision in sub-region j , is denoted as isoijP . There are two options to 
calculate iso
ijP .  
 The first option is to calculate iso
ijP  by using the CPM or MOC solvers for all energy points 
during solving slowing-down equations because the pointwise XSs are depended on the energy. 
Geometries of practical interest to reactor design are primarily cylindrical. In addition, the fuel pellet 
is separated from the neighboring fuels and other structure materials therefore the geometry is simple. 
For this cylinder or annular geometries, the CPM can be used for the calculation of the collision 
probabilities. The CPM has been widely used in solving the integral transport equation by adopting 
Bickley functions [19]. Especially, the method implemented in the RMET21 code [20] uses a Gauss-
Jacobi integration formula for a unit cylindrical cell with any number of annular regions. The method 
is quite efficient to calculate the collision probability of the cylindrical geometry. Therefore, the same 
method is used in this work. The MOC is also applicable to calculate iso
ijP . The MOC has more 
flexibility than the CPM in modeling general geometries. The solution is also accurate when the MOC 
rays are generated properly. However, the MOC requires much computational resources than the that 
of CPM because neutrons are needed to be tracked for every MOC ray. Therefore, the CPM is much 
desirable for practical interests. The CPM uses a white boundary condition rather than reflective 
boundary condition because the method does not have an angular dependency. It is known that the 
white boundary condition can cause significant error in flux calculations. However, the only black 
boundary condition is necessary for this first step calculation because the fuel pellet is isolated. For 
this condition, the CPM and MOC give an identical solution for the collision probability. The detailed 
methods to calculate iso
ijP  by the CPM and MOC will not be described in this paper because the 
methodologies are very well known and described well in many references [13,18,20,21]. PSM with 
the first option will be denoted as “PSM-CPM” in this paper.  
 In the second option of the first step, iso
ijP  is tabulated as a function of the total XS of the 
fuel pellet before solving slowing-down equations, and then iso
ijP  is interpolated using the total XS of 
any energy of interest. Even though iso
ijP  is calculated efficiently by the CPM, the calculation can 
take long time because iso
ijP  is needed to be calculated for every energy point (i.e., 10,000 ~ 100,000 
energy points). In addition, as the number of sub-regions increases, the calculation time significantly 
increases. Therefore, the look-up table is introduced in the second option. The collision probability 
from the look-up table is denoted as ˆ isoijP . 
ˆ iso
ijP  is a function of the total XS of an entire fuel pellet 
(i.e., ,t F ) while 
iso
ijP  is a function of energy. Before solving slowing-down equations, the collision 
probability versus total XS table is calculated for an isolated fuel pellet. In this calculation, the total 
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XS of fuel is assumed to be constant for the entire fuel pellet so that it is denoted as ,t F . With the 
assumption, the collision probability is calculated for wide range of total XSs (i.e., 200 levels from 10
-
3
 to 10
4 
cm
-1
), and saved in the table. Therefore, the table has three indexes (i.e., ,t F , and the indexes 
of sub-regions i  and j ). Fig. 8 shows an example of ˆ isoijP  which is the collision probability of a 
neutron born in the sub-region 3 and that had a first collision in the sub-region j .  
 
 
Fig. 8. Example for fuel collision probability of neutron born in sub-region 3. 
 
 When the ˆ isoijP  table is generated, the only geometry information (i.e., the radii of sub-
regions of the fuel pellet) is needed because grids of total XSs are fixed. Therefore, the calculation is 
performed for pin-geometry types, not all fuel pins in a given problem. The CPM is also used in the 
ˆ iso
ijP  table generation but the computational cost is quite cheap. The number of CPM calculations for 
the ˆ isoijP  table generation is (200 levels of total XS grids) × (the number of pin geometry types) 
while the number of CPM calculations for iso
ijP  in the first option is (the number of energy points) × 
(the number of fuel pins in a given problem). During solving slowing-down equations, iso
ijP  is 
interpolated from the ˆ isoijP  table using the total XS of the fuel pellet at any energy of interest as 
follows:  
 
 ,
ˆ( ) ( ( ))iso isoij ij t FP u P u   . (49) 
 
 Eq. (49) is exact only if the fuel pellet has constant material composition and temperature 
profile in all the sub-regions. However, if the fuel is burned, the material compositions in the sub-
regions are changed differently from each other. For the burned fuel pellet, the burnup of the outmost 
sub-region is higher than that in the inner sub-region because of the spatial self-shielding effect. In 
25 
addition, the thermal-hydraulic (TH) calculation is coupled with neutronics to analyze the power 
reactor. The fuel pellet is needed to be divided into several rings to model the temperature profile 
from the TH feedback. With the TH feedback, the temperature in the inner region is higher than that 
in the outer region. Obviously, the pointwise energy XSs depend on the material composition and the 
temperature. With the non-uniform material compositions and temperatures, the total XSs of sub-
regions are different from each other. In this case, an average total XS (i.e., ,t F ) is defined with Eq. 
(50), and the total XS of the entire fuel pellet (i.e., ,t F ) in Eq (49) is replaced by the average total 
XS.  
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where hu  is one-point higher energy than energy u . 
 In Eq. (50), the average total XS is calculated with the pseudo flux-volume weighting. The 
slowing-down equation is solved from high energy to low energy. When the flux in energy u  is 
calculated, the total XS of u  is needed to be known to calculate the collision probabilities. However, 
the flux in energy u  is required to calculate the average total XS. Therefore, the flux of one-point 
higher energy is used in the flux-volume weighting rather than using ( )i u . That is why it is called as 
the pseudo flux-volume weighting. The fluxes in energy u  and hu  are not much different from 
each other because the energy points are very densely distributed. This second option to calculate 
iso
ijP  is denoted as “PSM” in this paper to distinguish from PSM-CPM. Introducing the 
ˆ iso
ijP  table 
can lead error in computing the collision probability even though it can reduce significant calculation 
time. The accuracy and efficiency of these two options are compared in Section IV.  
 The idea to calculate the ˆ isoijP  table comes from the optimum rational approximation method 
[5] and Liu’s method [16]. In the optimum rational approximation method, the collision probability of 
an isolated fuel pin is calculated as a function of the wide range of the total XS of fuel by using MOC 
transport solver. The multi-term rational equation is generated through a least square fitting process 
into the calculated collision probability versus total XS table. The shadowing effect is considered by 
multiplying XS correction factors. In the optimum rational approximation method, the fuel pellet is 
assumed to be a single region. Liu used a similar concept in the quasi-1-D slowing-down method to 
calculate the collision probability but with consideration of the subdivisions of the pellet. 
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3.3 Collision Probability Calculation: Second step – Fuel Pin in Lattice  
 iso
ijP  considers the collision probability of an isolated fuel rod. Therefore, a proper correction 
is required to consider the shadowing effect from neighboring fuel rods and structure materials. In this 
second step of the collision probability calculation, it is assumed that the shadowing effect is not 
significantly different for the individual sub-regions of the fuel pellet. In other word, the sub-regions 
of the fuel pellet have same shadowing effect. With this assumption, a multi-term rational equation in 
the equivalence theory is used.  
 In the equivalence theory, the escape probability of the fuel pellet is approximated to the 
multi-term rational approximation. The Dancoff factor, which reduces the fuel escape probability 
compared to that of an isolated fuel rod when the total XS of fuel is infinite, is incorporated to 
calculate the coefficients of the rational equations.  
 In PSMs (i.e., PSM and PSM-CPM), the multi-term rational approximation in the 
equivalence theory is incorporated to correct the shadowing effect. The application of the rational 
equations is quite different from the equivalence theory. In PSMs, the shadowing correction factor is 
calculated with the two escape probabilities. One is fuel escape probability of an isolated fuel pin. The 
other is that of the fuel pin in the lattice (or core). The Carlvik’s two-term rational approximation is 
applied for a cylindrical geometry as follows: 
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where ,
iso
e FP  is the fuel escape probability of the isolated fuel pellet; ,e FP  is the fuel escape 
probability of the fuel pellet in lattice; and the coefficients in Eq. (52) are defined with the Dancoff 
factor as follow: 
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where   is the Dancoff factor of the fuel pellet. 
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 It should be noted that ,
iso
e FP  and ,e FP  are probabilities for the fuel pellet, not individual 
sub-regions of the pellet. The total XS of the fuel pellet ,t F  in Eqs. (51) and (52) is calculated by 
taking average of the total XSs of sub-regions of the fuel pellet as shown in Eq. (50). Even though Eq. 
(50) is used only for the second option of the first step in Section 3.2, the average XS of fuel pellet is 
needed for both first and second options to consider the shadowing effect. The Dancoff factor in Eq. 
(53) is calculated using the enhanced neutron current method [14] which solves the following fixed-
source transport problem with MOC for the explicit whole problem domain. 
 
  *
1
( , ) ( ) ( ) ( , ) ( )
4
a p pv v v v v 

         , (54) 
 
where * ( )a v  is the estimated absorption XS of the position v ; and ( )p v  is the macroscopic 
potential XS of the position v .  
 In the fixed-source transport calculation using the MOC, the absorption XSs are set to be 
infinite value (i.e., 10
5
 cm
-1
) for the fuel regions and zero for the non-fuel regions. The Dancoff factor 
is calculated for the individual fuel pins with the total reaction rates, the potential XSs and the escape 
XSs of the fuel pellet as follow: 
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a F p F t F p F
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 It should be noted that the rational equations with the Dancoff factor is not only valid under 
the black pin condition. The black pin assumption is used as one of constraints to decide the 
coefficients of the rational approximation. The Carlvik’s two-term rational approximation with the 
Dancoff factor gives good agreement in the collision probability [5]. It is important to note that Eq. 
(54) is not dependent on the energy. Eq. (54) does not have the IR parameter, which is usually 
energy dependent, because the solutions of the fixed-source transport calculation are used for the 
pointwise slowing-down calculations. The IR parameter is needed for the IR approximation for the 
flux. On the other hand, PSMs solve explicit slowing-down equations as derived in Eqs. (42) and 
(46). Therefore, the IR parameter does not appear in Eq. (54). In addition, the potential XS is constant 
over the energy. There is no energy dependency in the Eq. (54). Therefore, the Dancoff factor 
calculation is performed only one time for the fuel. This is important advantage of PSMs. The 
equivalence theory and subgroup method require several energy-dependent fixed-source transport 
calculations using MOC for the whole problem domain to consider the shadowing effect. The fixed-
source transport calculation is one of the most time consuming calculations in the resonance self-
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shielding calculations. PSMs can save the computing time by reducing the number of fixed-source 
calculations. More detailed discussion and numerical results are presented in Section 4.11.  
 The shadowing effect correction factor, which adjusts the fuel escape probability of isolated 
fuel pin to consider the shadowing effect, is defined as a ratio of the fuel escape probabilities of two 
systems in Eqs. (51) and (52) as follows: 
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( )
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e F
F iso
e F
P u
u
P u
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 Fig. 9 shows an example of the shadowing effect correction factor. The escape probability 
becomes unity when the fuel rod is white while it goes to zero when the fuel becomes a black pin. In 
the black pin limit, the correction factor is identical to the Dancoff factor, which is a ratio of fuel 
escape probability of a pin in lattice to that isolated pin with infinite total XS of fuel.  
 
  
Fig. 9. Example for fuel escape probability of fuel lump and ratio. 
 
 The shadowing effect correction factor is multiplied to the fuel escape probability in each 
sub-region of the fuel pellets as follows: 
 
 , ,( ) ( ) ( ) ( )
iso
iM e i i e iP u P u u P u   , (57) 
 
where  
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    , (58) 
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 ( ) ( )i Fu u   . (59) 
 
 It is assumed that the shadowing effect correction factor of the sub-region i  is equal to that 
of the fuel pellet as shown in Eq. (59). In Section 2.4, it was discussed that the source distribution in 
the fuel pellet is very important because the source distribution has the significant effect on the fuel 
escape probability. When ,e FP  and ,
iso
e FP  are calculated, the constant source distribution in the fuel 
pellet is assumed. Therefore, the probabilities are not exact. The error from the constant source 
assumption exists in both ,e FP  and ,
iso
e FP . However, the error existing in both escape probabilities are 
not expected to appear in the final products because the ratio of ,e FP  and ,
iso
e FP  is used. The error 
existing in both numerator and denominator of the shadowing effect correction factor in Eq. (56) can 
be canceled out. 
 The collision probability is normalized to consider the changes in the fuel escape probability 
as follows: 
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 The collision probabilities from the non-fuel region are expressed as follow: 
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 Finally, all the collision probabilities and escape probabilities, which are needed to solve the 
slowing-down equations in Eqs. (44) and (47), are derived.  
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3.4 Resonance Upscattering Treatment  
 The pointwise slowing-down calculation is performed with an asymptotic elastic scattering 
kernel. It has been reported that the asymptotic elastic scattering kernel can lead to a 10% difference 
in the Doppler coefficient compared to that of a correct scattering model, which considers an exact 
resonance upscattering event in the epithermal energy range [22]. However, it is difficult to solve the 
pointwise slowing-down equation with the exact scattering kernel on-the-fly. Therefore, the effect of 
the resonance upscattering event is corrected in the multi-group level using the upscattering correction 
factor pre-generated by Monte Carlo simulations. Nowadays, the resonance upscattering effect is a 
well-known issue and proper correction methods have been implemented in several deterministic and 
stochastic transport codes [5,17,22,23]. The resonance upscattering correction in PSMs is not much 
different from others. The upscattering correction factor is defined as a ratio of the 
238
U multi-group 
XS from the exact scattering kernel to that from the asymptotic scattering kernel as follows: 
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 
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where x  is the reaction type; and U-238b  is the background XS of 
238
U. 
 Through a table search into a background XS versus a multi-group XS look-up table, the 
equivalent background XS of 
238
U, U238
,b eq , corresponding 
U-238
, ,x i g  is calculated. Using the equivalent 
background XS, the resonance upscattering effect is corrected as follows: 
 
 U-238 U-238 U-238
, , , , , ,( )
RUP
x i g x i g x g b eqf    , (64) 
 
where U-238
, ,x i g  is the 
238
U effective XS from slowing-down calculation; U-238
, ,x i g  is the upscattering 
corrected effective XS.  
 The upscattering correction is performed only for 
238
U. The correction can be used as an 
alternative way rather than solving the exact scattering kernel on-the-fly. Although the resonance 
upscattering treatment in the Monte Carlo method was developed several years ago, the method has 
not been implemented in many Monte Carlo codes yet or the method is not used as a default option. 
Therefore, PSMs use two different sets of the upscattering correction factors. One is the correction 
factor generated with a usual scattering kernel in current Monte Carlo codes (i.e., Sampling the 
velocity of the target nuclides; SVT). The other is the correction factor from the exact scattering 
kernel. There are several methods to model the exact scattering kernels [22,23,24]. The Doppler 
broadened rejection correction (DBRC) method is used in this work [24]. The proper correction factor 
is chosen depending on applications (i.e., Verification to Monte Carlo code or validation).    
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3.5 Techniques to Achieve High Performance 
 In this section, some techniques to efficiently solve the slowing-down equation are described. 
The methods are related to energy grids of the pointwise energy XSs, total XS grids of the collision 
probabilities, hash tables, an algorithm for scattering source calculations, and nuclide grouping.  
 PSMs use the pointwise energy XSs to solve the slowing-down equations. The XS 
processing code NJOY [25] are used to generate the pointwise energy XSs for all the nuclides in the 
ENDF-B/VII.0 nuclear data. Usually, the energy grids of the nuclides are different from each other 
because the NJOY code determines energy points depending on the XSs of the nuclides. Usually, 
heavy nuclides have many energy points because they have many resonance peaks in their XSs, and 
the energy points are densely distributed near the resonances. If the pointwise XSs from the NJOY 
code are directly used in PSMs, it is need to search energy grids to get the XS for energy of interest. 
Although the searching algorithm is not completed, the calculation takes long time because there are a 
lot of energy points. Some Monte Carlo codes use double indexing or unionized energy grids to 
reduce time consumed in the energy searching [26,27]. Similar concept is used in PSMs. The 
pointwise energy XSs of all the nuclides are tabulated in a unionized energy grid which has 50,000 
points (i.e., EN ) of equi-lethargy energy bins between 0.3 eV (i.e., minE ) and 30 keV (i.e., maxE ). 
The number of energy points was selected from several sensitivity tests to get accurate results in terms 
of multi-group eigenvalue calculation within short computation time. The sensitivity results are shown 
in Section 4.1. Because the energy grids are spaced uniformly in view point of lethargy, the index for 
any energy of interest can be calculated by a hash function as follows:  
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 The concept of the hash function and the hash table are also used in the shadowing correction 
factor and the collision probabilities. The shadowing correction factor is calculated with Eqs. (51), 
(52), and (56). As shown in Fig. 9 the shadowing correction factor is expressed as a function of the 
total XS of the fuel pellet. Although the escape probabilities and the shadowing correction factor can 
be calculated for every energy points, the parameters can be evaluated more efficiently by utilizing 
the hash tables. 5,000 points (i.e., N ) total XS bins are determined between 0.01 cm
-1
 (i.e., max ) 
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and 500 cm
-1
 (i.e., 
min ) with an equidistant interval. The shadowing correction factors are calculated 
for all the total XS bins and saved as the hash table. The table is needed to be made for the individual 
fuel pins because the Dancoff factors of the fuel pins are different from each other. During solving 
slowing-down equations, the following hash function is used to calculate the index of any total XS 
(i.e.,  ) of interest.  
 
 minIndex( ) int
  
   
 
 , (67) 
 
where  
 
 max min
N
 
   . (68) 
 
 The shadowing effect correction factor for   is calculated from linear interpolation with 
two shadowing effect correction factors corresponding to Index( )  and Index( ) 1   (depending 
on the order of total XSs in the hash table). When ˆ isoijP  table is used (i.e., second option to calculate 
iso
ijP ), the hash table and function for 
ˆ iso
ijP  are utilized in the same way. 
 The next technique is a fast calculation scheme for the scattering source integration. The 
scattering source can be efficiently calculated with the very efficient algorithm [21]. Neutrons can 
lose their most of energy by a collision with a light nuclide (i.e., hydrogen). In this case, the energy 
range for the scattering source integration is so wide that the calculation takes lone time. The 
scattering source integration is needed to be performed for all energy points. The source can be 
calculated efficiently by using the scattering source calculated for the previous energy point as 
follows:  
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where E  is the current energy for the slowing-down calculation; and oldE  is the energy for the 
previous calculation (see Fig. 10).  
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Fig. 10. Energy integration range for current and previous scattering source calculations. 
 
 The scattering source integration range for the current slowing-down calculation is from E  
to E  . The integration range for the previous calculation is from oldE  to oldE  . There is 
overlapped integration range (i.e., oldE  ~ E  ). The overlapped part can be used in the source 
calculation for the current energy rather than integrating the source from E  to E  . The scattering 
sources for the current energy are calculated by adding scattering sources from E  to oldE  and 
subtracting sources from E   to oldE   from the old scattering sources old( )sQ E . This algorithm 
reduces the calculation time significantly. 
 The final technique is grouping the scattering nuclides. When a fuel is burned, a lot of 
actinides and fission products are generated. The number of nuclides from the depletion calculation 
depends on the depletion chain which is chosen in the transport analysis code. The STREAM code is 
using a general depletion chain with about 1300 nuclides. Among the nuclides about 400 nuclides 
have a neutron reaction data in ENDF-B/VII.0. The scattering sources of these nuclides are needed to 
be integrated to solve the slowing-down equation. It can take a long time in the scattering source 
integration if there are a lot of nuclides. To reduce the computation burden required in the scattering 
source sub-regionscalculation, a grouping method is introduced [28]. Nuclides in the burned fuel are 
grouped into three different categories. Table 3 shows the description for the categories in the 
grouping.  
 
Table 3. Grouping of scattering nuclides. 
Category Fuel Non-fuel 
1 
16
O, 
17
O 
1
H 
2 Z ≥ 90 16O, 17O 
3 Others Others 
 
 The nuclides in each category are different for the fuel and non-fuel. For LWR analyses, the 
oxide fuel is usually used. The oxide fuel contains a lot of oxygen, and the oxide has a big 
contribution in the scattering source. In addition, the mass of the oxygen is quite different from 
actinides and fission products. Therefore, the oxygen has an independent category for the fuel. The 
actinides of which atomic numbers are usually larger or than 90 are grouped into the category 2. Other 
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nuclides including fission products are grouped into category 3. For the non-fuel, the major scattering 
nuclides are hydrogen and oxygen. They are grouped into categories 1 and 2, respectively. The other 
nuclides included the cladding and structure materials are grouped into category 3. The macroscopic 
scattering XS and mass of category C  ( C  would be 1, 2 and 3) in region i  is calculated as 
follows:  
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where ( , )r i C  means all nuclides of the category C  in the region i ; ,
C
s i  is the macroscopic 
pointwise energy scattering XS of the category C  in the region i ; 
r
s  is the microscopic 
pointwise energy scattering XS; rm  is the atomic mass of the nuclide r ; and 
C
im  is the average 
atomic mass of the category C  in the region i . 
 The error from the grouping scattering nuclides is not noticeable in the final solution. The 
difference in the eigenvalue from the grouping is few pcms. The sensitivity tests for the techniques for 
high performance in this section including the grouping nuclides are performed in Section 4.1. 
 
3.6 Calculation Flow 
 
 There are two difference calculation flows depending on how to calculate the collision 
probabilities of the sub-regions of the isolated fuel pellet (i.e., iso
ijP ). The flowchart of PSM is shown 
in Fig. 11. The calculation process is as follows: 
 
1) Read input information in a given problem.  
2) Read the 72 group multi-group XS library and the 5104 equal lethargy pointwise energy XS 
library.  
3) Generate ˆ isoijP  vs. total XS table for all the pin-geometry types in the given problem by using 
the CPM solver.  
4) Perform the fixed-source MOC transport calculation for the whole problem domain, and then 
calculate the individual Dancoff factors of the fuel pins using Eq. (55).  
5) Calculate ,
iso
e FP  and ,e FP  using Eqs. (51) and (52), and then calculate the shadowing effect 
correction factor F  using Eq. (56). 
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6) Interpolate ˆ isoijP  from the 
ˆ iso
ijP table using the pointwise total XS of the fuel pellet for the 
energy u .  
7) Correct the shadowing effect using the shadowing effect correction factor as Eq. (57), and 
then calculate 
ijP , iMP , MiP  and MMP  with Eqs. (57) to (62). 
8) Solve the pointwise energy slowing-down equations in Eqs. (44) and (47). Repeat steps 6) 
~ 8) for all the pointwise energy points from the high energy to low energy. 
9) Condense the pointwise XS to the position dependent multi-group XS using Eq. (48). 
Consider the resonance upscattering effect by Eq. (64) for 
238
U. Return to step 5) until all 
the fuel pins in the problem are treated. 
 
 
Fig. 11. Flowchart of the pin-based pointwise energy slowing-down solution method (PSM). 
 
 The flowchart of PSM-CPM, which calculates iso
ijP  using the CPM solver, is shown in Fig. 
12. The calculation flow is as follows: 
 
1) Read input information in a given problem.  
2) Read the 72 group multi-group XS library and the 5104 equal lethargy pointwise energy XS 
library.  
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3) Perform the fixed-source MOC transport calculation for the whole problem domain, and then 
calculate the individual Dancoff factor of fuel pins using Eq. (55).  
4) Calculate ,
iso
e FP  and ,e FP  using Eqs. (51) and (52), and then calculate the shadowing effect 
correction factor 
F  using Eq. (56). 
5) Calculate iso
ijP  using the CPM solver with the spatially dependent pointwise total XSs in the 
fuel pellet for the energy u . 
6) Correct the shadowing effect using the shadowing effect correction factor as Eq. (57), and 
then calculate 
ijP , iMP , MiP  and MMP  with Eqs. (57) to (62). 
7) Solve the pointwise energy slowing-down equations in Eqs. (44) and (47). Repeat steps 5) 
~ 7) for all the pointwise energy points from the high energy to low energy. 
8) Condense the pointwise XS to the position dependent multi-group XS using Eq. (48). 
Consider the resonance upscattering effect by Eq. (64) for 
238
U. Return to step 4) until all 
the fuel pins are treated. 
 
 
Fig. 12. Flowchart of the pin-based pointwise energy slowing-down solution method with CPM 
(PSM-CPM). 
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IV. Numerical Result 
 
Table 4. Summary of test cases. 
Section Test name Geometry 
Material 
distribution 
Temperature 
profile 
Method Note 
4.1 
Sensitivity test 
for PSM 
option 
Pin-cell 
Uniform, 
non-
uniform 
Uniform 
PSM,  
PSM-CPM 
Computing 
time and 
eigenvalue 
4.2 
Sensitivity test 
for ratio of 
fuel to 
moderator  
Pin-cell Uniform Uniform 
EQ, DRI, 
SDDM, MCXS, 
PSM 
Wide range of  
fuel to 
moderator 
volume ratio 
4.3 Base pin-cell Pin-cell Uniform Uniform 
EQ, DRI, 
SDDM, PSM 
XS, only 
238
U 
4.4 
Mosteller pin-
cell 
benchmark 
Pin-cell Uniform Uniform 
EQ, DRI, 
SDDM, MCXS, 
PSM 
Wide range of 
enrichment 
4.5 
Highly burned 
UO2 pin-cell 
Pin-cell 
Non-
uniform 
Uniform 
EQ, DRI, 
SDDM, MCXS, 
PSM,  
PSM-CPM 
60 MWd/kgU 
burned fuel 
4.6 
Highly burned 
UO2 pin-cell 
with TH 
feedback 
Pin-cell 
Non-
uniform 
Non-
uniform 
EQ, DRI, 
SDDM, MCXS, 
PSM,  
PSM-CPM 
60 MWd/kgU 
burned fuel 
4.7 
SNU 
benchmark 
Pin-cell Uniform 
Non-
uniform 
EQ, DRI, 
SDDM, MCXS, 
PSM,  
PSM-CPM 
Wide range of 
power 
4.8 VERA FA FA Uniform Uniform SDDM, PSM 
Various FA 
types 
4.9 2x2 FA 
Multi-
assembly 
Uniform 
Non-
uniform 
EQ, DRI, 
SDDM, PSM, 
PSM-CPM 
Different 
enrichment 
and BP 
loading 
4.10 
VERA 
depletion 
FA 
Non-
uniform 
Uniform 
EQ, DRI, 
SDDM, PSM, 
PSM-CPM 
Depletion 
calculation 
for three FAs 
4.11 17x17 FA FA Uniform Uniform 
EQ, PSM,  
PSM-CPM 
Computing 
time test 
 
 Various LWR problems are solved to verify the accuracy of PSMs. Table 4 shows a 
summary of test cases and methods used in the verifications. The test cases include various different 
conditions in the geometry (i.e., pin-cell, FA and core), material distribution (i.e., uniform and non-
uniform), temperature profile (i.e., pin-cell, FA and core), burnup (i.e., fresh fuel, burned fuel). The 
methods used in the comparisons are as follow: 
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1) EQ: The conventional equivalence theory. 
2) DRI: The distributed resonance integral method used in CASMO-5 [11]. 
3) SDDM: The spatially dependent Dancoff method used in PARAGON [12]. 
4) MCXS: Simulation with tallied multi-group XSs using the MCNP6 code. 
5) PSM: The pin-based pointwise slowing-down method with the ˆ isoijP  table (This work).  
6) PSM-CPM: The pin-based pointwise slowing-down method with the CPM (This work).  
 
 The methods are already described in the previous sections except MCXS. MCXS means the 
multi-group transport simulation with multi-group absorption and nu*fission XSs calculated from the 
continuous energy Monte Carlo code (i.e., MCNP6). (n, 2n) and (n, 3n) XSs are also tallied to 
calculate absorption XSs for the simulation. The scattering matrix is not tallied from the MCNP6 
because the MCNP6 does not have the capability to calculate the multi-group scattering XS matrix. In 
view point of the resonance self-shielding calculation, the first purpose is to calculate the exact multi-
group XSs. However, the multi-group simulation cannot completely reproduce the continuous energy 
solution even though the exact multi-group XS is used in the simulation. Using the exact multi-group 
XS does not guarantee that the reaction rate is exact. There are still many error sources in the multi-
group calculations (i.e., anisotropy, angular dependency of the multi-group XSs, and etc.). The 
problem has not been solved clearly. Some researches tried to apply artificial correction factor (i.e., 
SPH method) to reproduce the continuous energy solution [28,29]. The SPH method is not applied in 
this work because of the following reasons. First, SPH method still cannot completely reproduce the 
continuous energy solution because the SPH factor is generated with a local continuous energy 
solution (i.e., pin-cell). Second, the source from the continuous energy solution is assumed to be same 
as the source in the multi-group calculation during the SPH iteration. Third, the SPH factor is only 
applied on the resonance energy range. How to preserve the continuous energy reaction rate is still an 
open problem. Fortunately, the error in the reaction rate is not significant if the exact multi-group XS 
is used (See Sections 4.4 ~ 4.6)  
 All the methods listed above are implemented in the STREAM code to compare the accuracy 
of the methods in following sections. It should be noted that the results in this work does not mean 
that the CASMO-5 and PARAGON codes has same as that of DRI and SDDM. There may be a lot of 
unpublished methods used in the vendor codes. In other word, the resonance self-shielding methods of 
the CASMO-5 and PARAGON are not completely same as the STREAM code with DRI and SDDM, 
respectively. Although the overall theories are same as that of the STREAM code, the detailed 
implementations can be different. For example, a vendor code uses an empirical correction factor to 
correct the fuel escape probabilities [30]. The detailed values of the correction factor are not shown. 
In addition, some codes adjust the resonance integral table to get an accurate result [6]. In treating the 
resonance interference effect, the Bondarenko iteration is usually used in the equivalence theory. 
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However, some codes try to consider the resonance interference effect in the process which generates 
the multi-group XS library by solving slowing-down equations with typical mixed fuel materials [25]. 
Some codes use a lot of energy groups (e.g., ~ 300 groups) to reduce the error from the resonance 
interference effect [1]. As discussed above, the detailed methods implemented in the lattice physics 
codes are little different from the basic equivalence theory. Most of the methods are empirical 
corrections applied to fit the result to the Monte Carlo solution or experimental data. It is difficult to 
compare the methods consistently because information of the empirical corrections is not enough and 
there are too various modified methods to implement. Therefore, the theoretical methods are 
implemented in the STREAM code to compare with PSMs. DRI is also one of the empirical 
corrections but there is enough descriptions to implement. There is no empirical correction (except 
DRI) on the STREAM code and the STREAM libraries. 
 For test cases with the uniform material composition and temperature profile in the fuel 
pellet, the result from PSM-CPM is not given because PSM and PSM-CPM calculate identical 
solution for the condition. There is a slight difference (i.e., less than 4 pcm in eigenvalue) between 
PSM and PSM-CPM caused by the ˆ isoijP  table interpolation.  
 With solving the LWR problems, various parameters are compared to examine the accuracy 
and the calculation efficiency of PSMs. In some problems (Sections 4.4 ~ 4.6), the multi-group 
reaction rates are compared to examine the accuracy of the resonance self-shielding methods in detail. 
The eigenvalue represents the global condition of the problem. The eigenvalue can agree well with the 
reference solution resulting from error cancellation of some local errors in the reaction rates Therefore, 
it is important to compare the reaction rates and the XSs. The difference in k-inf can be reconstructed 
with the difference of the absorption and fission reaction rates as follows:  
 
 
inf STREAM Ref. 2
, , STREAM , ,
, , , ,
r i g r i g
r i g r i g
P AdP PdA
dk k k d
A A
dP PdA P P A
 
    
 
      
 , (72) 
 
where infdk  is the difference in k-inf between k-inf from the STREAM code ( STREAMk ) and MCNP6 
( Ref.k ); P  is the sum of neutron production rate which is identical to the nu*fission rates; A  is the 
sum of absorption rates; r  is the index of the region; i  is the index of the nuclide; g  is the index 
of the energy group; 
, ,r i gP  is the difference of production rates in the region r , the nuclide i , and 
the group g ; and 
, ,r i gA  is the difference of absorption rate in the region r , the nuclide i , and the 
group g . 
 The sum of absorption rates from both STREAM and MCNP6 are normalized to be unity. 
Therefore, there is no A  in the second line of Eq. (72). From the normalization, 
, ,r i gP  and 
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STREAM , ,r i gP A  mean contribution of k-inf in the elements r , i , and g  from the production rate 
and absorption rate, respectively. 
, ,r i gP  means the contribution to the difference in k-inf from the 
difference in the production rates of the elements r , i , and g . In the same context, 
STREAM , ,r i gP A   
is the contribution of the difference in k-inf from the difference in the absorption rates. The sum of 
, ,r i gP  and STREAM , ,r i gP A   is the total contribution of the difference in k-inf from the two reactions. 
From the equations, it is convenient to calculate which elements make the significant differences in 
view point of the eigenvalue. 
 
4.1. Sensitivity Test for Calculation Option in PSM 
 Sensitivity tests were performed to decide a reliable option to give accurate results by PSM. 
There are two parameters to test, i.e., the number of energy points in the PW XS libraries, the number 
of sub-regions of the fuel pellet. 
 The number of energy points is important in terms of accuracy and computational efficiency. 
When a lot of energy points are used, the solution from the slowing-down calculation is accurate. 
However, the calculation time is proportional to the number of energy points. Four pointwise energy 
libraries, which have the different number of energy points, were used in the sensitivity test. A normal 
UO2 pin-cell depletion problem was solved with PSM. The reason why the depletion problem was 
selected is that light nuclides usually do not need many energy points while heavy nuclides need a lot 
of energy points because of their many resonances in XSs. The pointwise energy XS libraries with 
5,000 points, 10,000 points, 50,000 points and 100,000 points were used in the test. The energy 
between 0.3 eV and 30 keV was divided with equal lethargy depending on the libraries. The result 
with 100,000 points was set as a reference. From the internal test, it was verified that more than 
100,000 points do not have noticeable effect on the results.  
 Fig. 13 shows the results with the four libraries. The result with 50,000 energy points is quite 
close to the reference. The differences in the eigenvalue are less than 5 pcm over all the depletion 
steps. The result with 10,000 energy points is also reliable in terms of eigenvalue. The maximum 
difference is 17 pcm. However, the result with 5,000 energy points is significantly different from the 
reference. The maximum difference is 133 pcm. From this sensitivity test for the number of energy 
points, it is verified that 50,000 energy points are sufficient to get an accurate result. In the STREAM 
code, the pointwise energy XS library with 10,000 points is used as a default. The library is accurate 
enough to get reasonable solutions for the practical use. The library with 50,000 points is used as an 
option when a user wants to get the most accurate result. All the results in this work were generated 
with the 50,000 energy points library to get the highest accuracy. The number of energy point can be 
further reduced by using a small lethargy width for higher energy and a big lethargy with for low 
energy because resonances in high energy is more narrow and densely distributed.  
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Fig. 13. Comparison of k-inf from PSM with different number of energy points in the XS libraries. 
 
 The calculation times elapsed in PSM were tested with different calculation options. Some 
techniques (i.e., the efficient algorithm for the scattering source integration, the nuclide grouping) 
introduced in Section 3.5 and the ˆ isoijP  table introduced in Section 3.2 were tested. 60 MWd/kg of 
burned UO2 fuel from the above sensitivity test were used in this test. The number of sub-regions of 
the pellet is 5. Because of spatial self-shielding effect in the fuel pellet, the material compositions are 
non-uniform in the pellet. 198 nuclides in are in the fuel. The library with 50,000 points was used in 
this test. The eigenvalue results and elapsed time are shown in Table 5.  
 
Table 5. Elapsed time in resonance treatment with PSM. 
Method → Original 
Original 
+Fast sQ  int.
f)
 
Original 
+Fast sQ  int. 
+Grouping 
Original 
+Fast sQ  int. 
+Grouping 
+ ˆ isoijP  table 
k-inf → 0.79263 0.79263 0.79267 0.79282 
Elapsed 
time  
(sec) 
PSM solution
a)
 9.533 0.601 0.148 0.011 
XS condensation
b)
 0.096 0.097 0.102 0.115 
Nuclide grouping
c)
 - - 0.104 0.104 
ˆ iso
ijP  table
d)
 - - - 0.003 
PSM total
e)
 9.629 0.698 0.354 0.233 
a) Elapsed time in solving slowing-down equation and calculating collision probabilities. 
b) Elapsed time in condensing the pointwise XS to multi-group XS. 
c) Elapsed time in calculating the macroscopic XSs and the average mass for the each nuclide group. 
d) Elapsed time in generating collision probability table. 
e) Total elapsed time in all calculations related to PSM. 
f) Fast Qs integration: The efficient algorithm for scattering source integration. 
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 When any technique is not used, k-inf is 0.79263 and the total elapsed time in PSM is 9.629 
sec. When the fast sQ  integration is used, the elapsed time in ‘PSM solution’ is significantly reduced 
by factor of 15.9. The calculation time used in the scattering source integration is significantly 
reduced by the fast 
sQ  integration. When the nuclide grouping method is used, the elapsed time used 
in ‘PSM solution’ is reduced by factor of 4.1. The grouping nuclide is also effective to reduce the 
elapsed time in calculating scattering source calculation. For the grouping nuclide, 0.104 sec is 
additionally taken to calculate the macroscopic scattering XS and the average masses of each category. 
The grouping nuclide is not an exact method to calculate the scattering source. The method can cause 
error because the artificial nuclides are made with average sense, and then used in the scattering 
source calculation. The error would be reduced by using more categories to approximate the scattering 
nuclides. Fortunately, the method with three categories (as shown in Table 3) does not cause 
significant error in terms of eigenvalue. The error from the grouping nuclides is 5 pcm. When the 
ˆ iso
ijP  table is used to calculate the collision probabilities of the isolated fuel pellet (i.e., 
iso
ijP ), the 
elapsed time used in ‘PSM solution’ is reduced by factor of 13.5. There are two error sources for the 
ˆ iso
ijP  table. One is error from interpolating 
ˆ iso
ijP . The 
ˆ iso
ijP  table is generated as a function of the total 
XS of the fuel pellet. From the internal test, it was concluded that the error from the interpolation is 
less than 4 pcm. The second error source is in approximation in the ˆ isoijP  table. The 
ˆ iso
ijP  table is 
made with a constant pointwise XS approximation in the fuel pellet. Overall 15 pcm of error is 
occurred from the ˆ isoijP  table. The second error source is the major difference between PSM and 
PSM-CPM. More detailed comparisons are performed in Sections 4.5 and 4.6. The ˆ isoijP  table 
reduces effectively reduce the calculation time without a significant loss of accuracy. The additional 
calculation time required in generating ˆ isoijP  table is 0.003 sec which is negligible. With all 
techniques PSM takes 0.233 sec to calculate effective multi-group XS of the burned fuel pellet with 5 
submehses. Although the XS condensation and the grouping are quite simple calculation, they are the 
major time consuming works when all the options are used in PSM. The code is needed to be more 
optimized to reduce the calculation time in the XS condensation and the grouping. With the 10,000 
points library, the calculation time can be further reduced by factor of 5.  
 The base pin-cell problem described in Section 2.2 was solved by PSM with the different 
number of sub-regions of the fuel pellet. As described in the Section 2.2, the base pin-cell problem 
has one resonant nuclide 
238
U. In the comparison, the absorption XS of 
238
U is compared. The problem 
was solved with the different number of sub-regions. The number of sub-regions of the fuel rod were 
varied from 1 to 21.  
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Fig. 14. Comparison of fuel region-averaged 
238
U absorption XS for PSM sub-region sensitivity test 
(base pin-cell problem). 
 
 The sensitivity result is shown in Fig. 14. The 
238
U absorption XS is averaged with the multi-
group flux solution as follows: 
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 In Fig. 14, 1-mesh overestimates the 
238
U absorption XS, especially in Groups 24 to 27. The 
bias in the absorption XS is reduced as the number of meshes is increased. There is no noticeable 
differences among the absorption XSs from 12-mesh to 21-mesh. Based on the result it is concluded 
that the distribution of the resonance scattering source in the fuel region is so important that at least 12 
radial sub-regions are required to model the effect of the resonance scattering. This study specifies 
that the radial sub-divisions and relevant resonance treatment are required not only to treat rim effect 
[1], but also to model the resonance scattering source distribution.  
 The radial sub-regions are usually determined to have a same volume (or 2r ; where r  is 
radius) among sub-regions. The use of more than 10 radial sub-regions is quite expensive in terms of 
memory and computation time. The mesh division is optimized to have same 8r  for all sub-regions. 
This way has more fine meshes at outer position. In Fig. 14, there is no noticeable difference between 
an optimized mesh (Opt-5-mesh) and 15-mesh.  
 It is needed to be noted that the above result does not means PSMs always require many flat 
source regions. The deterministic transport codes including the STREAM code use the flat source 
region. In a flat source region, the flux and source are assumed to be constant. When the results in Fig. 
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14 are generated, the flat source regions for the resonance self-shielding calculation and the multi-
group transport calculation are unified. Actually, the multi-group calculation does not require a lot of 
sub-regions of the fuel pellet. If the multi-group XS is constant for all the sub-regions of the pellet, 
only one radial sub-region gives almost converged solution in view point of the mesh divisions. The 
mesh convergence is closely related to the magnitude of the XS. The multi-group XS is not big as the 
pointwise energy XS. The maximum value of the macroscopic multi-group XS is about 0.6 cm
-1
 in the 
resonance energy range. The corresponding mean free path is few centimeters. Therefore, the small 
number of flat source regions can give a reasonable result. Actually, the energy boundary of the multi-
group XS has a big impact on the magnitude of the multi-group XS. If a finer energy structure is used, 
the multi-group XS can be bigger in some energy groups. In case of the pointwise energy calculation, 
many resonances of 
238
U are larger than 1,000 barn therefore the mean free paths of some energy 
points are very short. That is why PSMs require small size of source regions to catch the steep 
scattering source and the flux distributions. In order to reduce the overall calculation time, the 
different number of the flat source regions can be used for the multi-group calculation and the 
resonance self-shielding calculation (e.g., 3 radial submehes for the multi-group calculation, and 15 
radial sub-regions for PSMs). How to automatically divide the sub-regions for PSMs is one of future 
works to optimize the STREAM code. In this work, all the results are generated with the unified 
number of flat source regions for the two calculations.  
 
4.2. Sensitivity Test for Ratio of Fuel Diameter to Pin-pitch  
 An additional sensitivity test was performed to examine the accuracy of the resonance self-
shielding methods for various ratios of the fuel diameter to pin-pitch ratio. In this test, the pin-cell 
problems were solved. The pin-cells have an identical pin-pitch (i.e., 1.26 cm), gap thickness (i.e., 
0.00828 cm), and cladding thickness (i.e., 0.05746 cm). The materials used in the test is as follow: the 
2.4 wt.% enriched UO2 fuel, the air gap, the pure zirconium cladding, and the 1400 ppm borated H2O 
moderator. The temperatures of all the regions are 600 K.. The ratio of the fuel diameter to the pin-
pitch was changed from 0.340 to 0.896. Fig. 15 shows examples of the pin-cell geometry for three 
different ratios. The ratio can represent the heterogeneous dilution conditions which can be also 
affected by either the density of moderator or the length of pin-pitch. 
 
 
Fig. 15. Geometries of pin-cells with different ratios of fuel diameter to pin-pitch. 
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Fig. 16. Results of sensitivity test for ratio of fuel diameter to pin-pitch. 
 
 Fig. 9 shows the results of the sensitivity test. EQ, DRI, and SDDM show significant bias as 
a function of the ratio. The magnitude of the difference is similar for the three methods. There are 
several reasons of the bias. As the ratio increases, the resonance scattering source distribution in the 
fuel pellet becomes more important because the moderator source relatively decreases compared to 
the source from the resonance scattering XS of 
238
U. The second reason is that the reaction rate in the 
resonance energy range increases as the ratio increases. Therefore, the flux is more shielded as the 
dilution decreases. EQ, DRI, and SDDM cannot consider these effects correctly so the methods show 
significant bias. On the other hand, PSM shows quite consistent and accurate results for the wide 
range of ratios. When the multi-group XSs from MCNP6 are used in the multi-group calculation 
(MCXS), the error behavior is quite similar to that of PSM. It means the multi-group XSs from 
MCXS and PSM are matched each other. The differences in k-inf with PSM are less than 50 pcm for 
the realistic range which is less than 0.8. The ratio of the realistic design is between 0.6 and 0.7 where 
the k-inf have the highest value. For the pin-cell design of the cold zero power critical experiment, the 
ratio larger than 0.7 because the moderator density is high. Usually, the ratio is determined to 
maximize the utilization of the fuel. The ratio can be less than 0.6 for the pin-cell placed in edge of 
the core. That is why the realistic range is less than 0.8. When the ratio is higher than 0.8, the pin-cell 
has a significantly hard spectrum because of a small moderation. This condition does not appear in a 
normal reactor design. From internal test, it was concluded that the most of error occurs in the fast 
energy range, not in the resonance energy range. Further work is needed to use the STREAM code in 
the reactor design which has the fast spectrum.  
 From this sensitivity test, it is concluded that PSM can give accurate results for various 
dilution conditions. The subgroup method and ESSM require to use the heterogeneous library [17,31]. 
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When the RI table or the subgroup weights are generated for the subgroup and ESSM, the 
heterogeneous information is incorporated. The 2-D MOC or 1-D CPM solvers are used to solve the 
slowing-down equation for the various dilution conditions. The dilution conditions are needed to 
include various situations which can be encountered in the reactor design. The dilution condition can 
be changed depending on the following factors: the density of the moderator, the radius of the fuel 
pellet, the amount of scatterer in the fuel, and etc. It is quite difficult to cover all conditions because 
there are a lot of cases to consider. Therefore, the libraries are generated for a typical design or the 
design of interest. On the other hand, PSM does require to use neither the heterogeneous RI library 
nor the homogeneous RI library. In PSM, the effective multi-group XS in the resonance energy range 
is calculated on-the-fly. Nevertheless, PSM can calculate the accurate multi-group XS with the 
pointwise energy slowing-down calculation with the collision probabilities.  
 
4.3. Base Pin-cell Problem 
 The base pin-cell problem was solved in this section to examine the accuracy of the 
resonance self-shielding methods. As described in Section 2.2, the fuel material of the base pin-cell is 
composed of 
238
U and 
16
O. The fuel has one resonant nuclide (i.e., 
238
U) therefore the resonance 
interference effect can be ignored in this problem. The absorption XSs from the different methods 
were compared to the solution from the MCNP6. The XSs are calculated with the 15 sub-regions of 
the fuel pellet.  
 
- 
Fig. 17. Comparison of fuel region-averaged 
238
U absorption XS with spatially dependent resonance 
self-shielding method (base pin-cell problem). 
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 Fig. 17 shows the absorption XSs and those differences. The eigenvalue result is not shown 
in this comparison because there is no fissile material so that the eigenvalue is too small to compare. 
As discussed in Section 2.2 EQ has a significant bias in the 
238
U absorption XS of Groups 24 to 29. 
Even though the spatially dependent multi-group XSs are calculated by DRI and SDDM, the XSs 
from the two method still have significant differences in their multi-group XSs. DRI and SDDM tend 
to underestimate the absorption XS of Groups 15 to 22 where the equivalence theory does not have 
bias. On the other hand, PSM shows good agreement in the absorption XS with the MCNP6 result. 
The difference is less than 0.5%, except the resonance group 15 where unresolved resonance exists. 
Currently PSM does not consider the self-shielding effect on the unresolved resonance therefore there 
is about 1% difference in the resonance energy group 15. Further study is required to treat the 
unresolved resonance range. EQ, DRI and SDDM use the RI look-up table generated by UNRESR 
module in NJOY therefore the relevant treatment is possible. The resonance treatment of the 
unresolved resonance range is not important for the LWR application in terms of reactivity and power 
distribution therefore PSM still can calculate accurate solutions.  
 
 
Fig. 18. Comparison of region-wise 
238
U absorption XS of Groups 21, 25 and 26 (base pin-cell 
problem; Relative radius = outer radius of sub-region / radius of fuel pellet). 
 
 The region-wise absorption XSs of DRI, SDDM and PSM are compared in Fig. 18. The 
comparison results are shown for Group 21, 25 and 26, which show the error behaviors 
representatively for narrow (i.e., Groups 15 ~ 22) and wide (i.e., Groups 23 ~ 29) resonances. The 
relative radius is defined as a ratio of the outer radius of annular sub-regions to that of the fuel pellet. 
EQ is not shown in Fig. 18 because EQ computes the pellet-averaged absorption XS, not the spatially 
dependent XS. Although DRI and SDDM show similar average absorption XSs to each other in Fig. 
17, there are significant differences in the region-wise XSs. DRI has significant difference in the 
region-wise absorption XS up to 80% compared to that of MCNP6. DRI underestimates the 
absorption XS of the inner region of the fuel in Group 21. However, the tendency is flipped over in 
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Groups 25 and 26. SDDM still has a significant difference in the region-wise absorption XSs. SDDM 
also underestimates the absorption XS of the inner region of the fuel of Group 21. The underestimated 
absorption XS of the inner region of the fuel leads to the ~1.5% difference in the region-averaged XSs 
for Group 21 in Fig. 17. In the comparison of the average absorption XSs, SDDM tends to 
overestimate the XSs in Groups 25 and 26. The tendency is also detected in the region-wise XS 
comparison in Fig. 18. The Group 25 and 26 absorption XSs are overestimated in most sub-regions by 
SDDM. The maximum difference of the XSs from SDDM is about 7% in Group 26. As discussed in 
Section 2.6, SDDM is limited in modeling the spatially distributed resonance XS because the 
distribution of the resonance scattering source is not considered properly during the resonance 
treatment. On the other hand, there is no noticeable difference in all the results of PSM. The 
maximum difference of the XSs is about 1.5% in Group 26. The difference from PSM is near to 0% 
for most of the regions and the energy groups. This is because the resonance scattering source 
distribution in the sub-regions is accurately modeled by PSM based on the collision probabilities and 
pointwise energy scattering source calculation.  
 From the verification with the base pin-cell problem, it is known that EQ, DRI and SDDM 
overestimate the absorption XSs of 
238
U in resonance energy range, especially the energy groups 
which have the large and wide resonance scattering XSs even though the resonance interference effect 
can be ignored. The error comes from the fuel escape probability approximation. Because PSM can 
consider the accurate scattering source distribution and escape probabilities, PSM calculates the 
accurate region-wise and group-wise multi-group XSs.  
 
4.4. Pin-cell with Uniform Material Composition and Temperature 
Profile 
 The well-known Mosteller pin-cell benchmark problem [32] was solved in this section to 
observe the accuracy of the method for the more realistic problems. The pin-cell problems have the 
uniform material composition and the uniform temperature profile in the fuel pellet. The benchmark 
contains various conditions in the enrichment, the fuel type, and the temperature. There are three 
types of fuels: UO2, reactor-recycle MOX fuel, and weapons-grade MOX fuel. For the UO2 fuel, the 
enrichment varies from 0.711 to 5 wt.%. PuO2 contents are 1 ~ 8 wt.% and 1 wt.% ~ 6 wt.% for the 
reactor-recycle MOX fuel and the weapons-grade MOC fuel, respectively. There are two temperature 
sets. The temperatures of hot zero power (HZP) are 600 K for all regions. For hot fuel power (HFP), 
the fuel temperature is 900 K, and the temperature of other regions (i.e., gap, cladding and coolant) is 
600 K. More detailed specification is described in the reference [32]. For all methods, 15 sub-regions 
of the fuel pellet were used in the calculation.  
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Fig. 19. Results for Mosteller benchmark UO2 fuel problems. 
 
 Fig. 19 shows the reference k-inf and differences in k-inf from the resonance self-shielding 
methods for the UO2 pin-cell problems. EQ, DRI, and SDDM show similar error behavior. The k-inf 
differences are 300 ~ 400 pcm for 0.711 wt.% enrichment of the UO2 fuel. The k-inf differences 
become bigger as the enrichments increase. For the 5 wt.% enriched UO2 fuel, the k-inf differences of 
EQ, DRI, and SDDM are 700 ~ 900 pcm. When the exact multi-group XS is used (i.e., MCXS), the k-
inf differences are within 100 pcm for all enrichment and temperature conditions. The results from the 
PSM are quite similar with that from MCXS, and the k-inf differences are within 100 pcm. The k-inf 
differences between PSM and MCXS are less than 20 pcm. This means that the multi-group XSs from 
PSM and MCXS are agreed well each other. The bias as a function of enrichments is detected for EQ, 
DRI, and SDDM. The resonance interference effect is one of the major error sources. The 
Bondarenko iteration method is used for the three resonance self-shielding method to treat the 
resonance interference effect. From the Bondarenko iteration method, the absorption XS of 
235
U is 
added into the background XS of 
238
U. The added background XS increases the absorption XS of 
238
U. 
The resonance interference treatment by the Bondarenko iteration method always increases the 
background XS. This is not always true. How the XSs of the resonances are overlapped determines 
the resonance interference effect. In addition, the Bondarenko iteration method cannot calculate the 
accurate magnitude of the background XSs. From the results, the Bondarenko iteration method with 
EQ, DRI, and SDDM tends to overestimate the resonance interference effect underestimating the k-inf. 
The second error source is the lack of modeling of the scattering source distribution in the fuel pellet. 
The error in the derivation of the equivalence theory with the multi-term rational approximation is 
third error source. In the verification with the base pin-cell problem, the absorption XS of 
238
U is 
overestimated in Groups 24 ~ 29 because of the second and third reasons. The overestimated 
238
U XS 
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leads 200 ~ 300 pcm differences in k-inf. Because PSM can consider the resonance interference effect 
and the distribution of the scattering source in the fuel pellet, PSM shows the very accurate k-inf. 
There is no noticeable bias as a function of the enrichment. The error behavior is similar to both of 
HZP and HFP conditions. 
 
 
Fig. 20. Results for Mosteller benchmark reactor-recycle MOX fuel problems. 
 
 
Fig. 21. Results for Mosteller benchmark weapons-grade MOX fuel problems. 
 
 Fig. 20 and Fig. 21 show results for the reactor-recycle and weapons-grade MOX fuel pin-
cell problems, respectively. EQ, DRI, and SDDM show the underestimated k-inf by 300 ~ 700 pcm. 
Similarly to the UO2 pin-cell problem, the three methods have bias as a function of PuO2 contents. As 
the content of the Pu increases, the k-inf becomes more underestimated. The significant difference in 
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k-inf comes from the fuel escape probability approximation and the interference treatment. On the 
other hand, PSM shows order of 100 pcm of differences. There is a slight bias as a function of PuO2 
content for the reactor-recycle MOX fuel problems. This bias does not come from the error in the 
multi-group XSs. MCXS also shows similar tendency to PSM. The differences of k-inf between PSM 
and MCXS are less than 50 pcm for all the MOX fuel problems. For the 8 wt.% reactor-recycle MOX 
fuel problem, MCXS and PSM show 100 ~ 200 pcm differences in k-inf compared to the reference. 
The accuracy of PSM is still high. The detailed comparisons of reaction rates will be shown in this 
section.  
 The Doppler coefficients (DC) were calculated and compared to examine the effect of the 
resonance upscattering treatment. The eigenvalues compared above were calculated with the SVT 
method in the MCNP6. In order to compare the results consistently, the STREAM code also used the 
SVT correction as described in Section 3.4. In addition to the SVT kernel, the exact resonance 
upscattering kernel with the DBRC method was used to calculate the DCs. With the eigenvalues of 
HZP and HFP, the FTCs were calculated with following equation.  
 
 HFP HZP
HFP HZP Fuel
1k k
DC
k k T



 , (74) 
 
where HFPk  and HZPk  are the eigenvalues for HFP and HZP, respectively; and FuelT  is the 
difference of fuel temperature between HFP and HZP. 
 
 
Fig. 22. Doppler coefficients for Mosteller benchmark with SVT and DBRC scattering kernels. 
 
 Fig. 22 shows the comparisons of DCs for the three fuel types with various enrichments and 
PuO2 contents. The MCNP6 is the references for the SVT kernel, and MCNP5-DBRC is the reference 
52 
for the DBRC kernel. The MCNP6 code uses the SVT kernel as a default option. It should be noted 
that the MCNP5-DBRC is not the official release version. The MCNP5 code was modified to test the 
effect of the resonance upscattering model. In the comparison, only PSM is compared to the 
references. As shown in Fig. 22, PSM shows good agreement for both of the SVT and DBRC 
methods. The maximum difference is about 2% in 0.711 wt.% UO2 fuel pin-cell. From the DC 
comparisons, it is concluded that the resonance upscattering treatment in PSM is successfully 
implemented for both the SVT and DBRC kernels.  
 
Table 6. Nuclide-wise contribution to k-inf difference (Mosteller benchmark 5 wt.% UO2 pin-cell). 
Nuclide 
Contribution to k-inf difference (pcm) 
EQ DRI SDDM MCXS PSM 
235
U -530 -580 -541 -36 -41 
238
U -446 -534 -450 -28 -31 
10
B 72 83 75 28 34 
1
H 27 31 28 10 13 
234
U 25 25 24 1 2 
etc. 11 12 11 4 10 
Overall -842 -962 -852 -21 -13 
 
 The nuclide-wise contributions to the difference in k-inf for the 5 wt.% UO2 pin-cell problem 
are summarized in Table 6. From the analyses, 
235
U is the most significant error source for EQ, DRI 
and SDDM. The order of 500 pcm difference is occurred by 
235
U. EQ, DRI, and SDDM also have 
significant differences in the 
238
U reaction rate. The overall reaction rate differences are about 900 
pcm. On the other hand, the reaction rates from PSM show good agreement for 
235
U and 
238
U. The 
differences are 41 pcm and 31 pcm for 
235
U and 
238
U, respectively. The overall difference is 13 pcm.  
 Fig. 23 shows the group-wise difference in the reaction rate of 
238
U. For the comparison, the 
reaction rates of all regions are summated. As shown in the figure, most of differences are occurred in 
the resonance energy range. EQ, DRI, and SDDM have significant differences in Groups 23 ~ 29. 
Especially in Group 26, the contribution to k-inf of 
238
U is underestimated by the order of 170 pcm 
with EQ, DRI, and SDDM. PSM shows much accurate result. PSM has less than 40 pcm difference 
for each energy group. Because some differences are canceled out, the overall difference from 
238
U is 
31 pcm with PSM in Table 6. MCXS shows the similar order of difference with PSM. Even though 
the accurate multi-group XSs are used in MCXS, there are still some differences in the reaction rate. 
If the accurate multi-group XS is used, reasonable accuracy can be achieved.   
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Fig. 23. Contribution to k-inf difference for 
238
U in all regions (Mosteller benchmark 5 wt.% UO2 pin-
cell).  
 
 
Fig. 24. Comparison of absorption and nu*fission reaction rates for 
238
U in all energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell). 
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Fig. 25. Comparison of absorption and nu*fission reaction rates for 
238
U in fast energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell). 
 
 
Fig. 26. Comparison of absorption and nu*fission reaction rates for 
238
U in resonance energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell). 
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Fig. 27. Comparison of absorption and nu*fission reaction rates for 
238
U in thermal energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell). 
 
 Through Fig. 24 to Fig. 27, the region-wise reaction rates of 
238
U are compared. The 15 sub-
regions were used in the calculation and the plotting. The reaction rates were summated for all energy 
groups, the fast groups, the resonance groups, and the thermal groups, respectively to Fig. 24, Fig. 25, 
Fig. 26, and Fig. 27. For 
238
U, the most of the absorption reaction rate comes from the resonance 
energy groups. The reaction rate in the fast and the thermal energy range is small, and there is no 
noticeable difference of the reaction rate for all the methods. It should be noted that EQ cannot 
calculate the spatially distributed multi-group XSs in the fuel pellet. Therefore, the reaction rate from 
EQ is almost constant along radial direction in Fig. 26. The differences in the reaction rates with EQ 
are very significant along the radial direction. The contribution to k-inf from the absorption reaction 
rate is underestimated in the inner regions by 500 pcm while it is overestimated by 2500 pcm in the 
outmost region. Even though there are very significant differences locally, the differences in the inner 
and the outer regions are canceled out. The sum of the differences is the order of 500 pcm. DRI also 
shows the tilted behavior in the reaction rate. The local differences are 100 pcm in the innermost 
region and 350 pcm in the outmost region. SDDM shows much improved results than that with EQ 
and DRI. SDDM has the order of 40 pcm difference in the each inner region and 150 pcm for the 
outmost region. MCXS and PSM show a quite similar error behavior each other. There is a slight in-
out tilt but it is not significant. The difference of the reaction rate with MCXS and PSM is the order of 
10 pcm in the inner region. The maximum difference with PSM is 85 pcm in the outmost region.   
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Fig. 28. Comparison of absorption XS and reaction rate for 
238
U in Group 26 (Mosteller benchmark 5 
wt.% UO2 pin-cell). 
 
 
Fig. 29. Comparison of absorption XS and reaction rate for 
238
U in Group 27 (Mosteller benchmark 5 
wt.% UO2 pin-cell). 
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Fig. 30. Comparison of absorption XS and reaction rate for 
238
U in Group 29 (Mosteller benchmark 5 
wt.% UO2 pin-cell). 
 
 The region-wise multi-group XS and the reaction rate in Groups 26, 27, and 29 are compared 
through Fig. 28 to Fig. 30. In the group-wise comparison with Fig. 23, there are significant 
differences in Groups 26, 27, and 29 with EQ, DRI, and SDDM. In Fig. 28, the absorption XSs and 
the reaction rates in Group 26 are compared. As described above, EQ calculates the constant 
absorption XS in the fuel pellet. Therefore, there is significant differences in the absorption XS and 
the reaction rate. The differences in the absorption XS with DRI are the order of 20% in the innermost 
region and the outermost region in opposite directions. DRI also show the tilted absorption XS. 
Because of the tilted absorption XS, the reaction rate is also tilted. SDDM shows more improved 
results in the absorption XS on average. The differences are the order of 8%. The absorption XSs with 
SDDM tend to be overestimated in the sub-regions. Because of the overestimated XSs, SDDM 
underestimates the absorption reaction rate in the inner regions. On the other hand, PSM calculate the 
quite accurate absorption XS and the absorption reaction rate in Group 26. There is no noticeable 
difference in the XSs and the reaction rates. The error behavior of Groups 26, 27, and 29 are similar 
each other with all the methods.  
 In addition to 
238
U, the absorption reaction rates of 
235
U are compared. In Fig. 31, the group-
wise reaction rates are compared. The contributions to k-inf from the reaction rates are significantly 
underestimated in Group 29 with EQ, DRI, and SDDM. The lines of EQ, DRI, and SDDM are closely 
overlapped in the figure. Differently with 
238
U, there are noticeable differences with EQ, DRI, and 
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SDDM in the thermal energy range. This point will be described in the region-wise comparison. PSM 
calculates the quite accurate reaction rate in all the groups. The results from MCXS and PSM are 
closely overlapped.  
 
 
Fig. 31. Contribution to k-inf difference for 
235
U in all regions (Mosteller benchmark 5 wt.% UO2 pin-
cell). 
 
 
Fig. 32. Comparison of absorption and nu*fission reaction rates for 
235
U in all energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell).  
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Fig. 33. Comparison of absorption and nu*fission reaction rates for 
235
U in resonance energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell). 
 
 
Fig. 34. Comparison of absorption and nu*fission reaction rates for 
235
U in thermal energy groups 
(Mosteller benchmark 5 wt.% UO2 pin-cell). 
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 The region-wise reaction rates were compared by integrating the groups for all the energy 
range, the resonance energy range, and the thermal energy range, respectively to Fig. 32, Fig. 33, and 
Fig. 34. Because 
235
U has the large fission XS, the production rate also contributes a lot on the 
difference of k-inf. The production reaction rates of 
235
U are not significantly shielded as much as that 
of 
238
U. In Fig. 32, EQ, DRI, and SDDM have the order of 25 pcm and 60 pcm differences in the 
contributions to k-inf from the absorption rates and the production rates, respectively. The some of the 
differences in the absorption and production rates are canceled out because the differences occur in 
the opposite direction. For 
235
U, DRI and SDDM do not show any improvement in calculating the 
reaction rate compared to EQ. PSM shows much accurate results in the absorption and the production 
rates. Some of the differences are also canceled out in the same way, but the magnitude of the local 
differences is smaller than that of EQ, DRI, and SDDM. The resonance energy range and the thermal 
energy range contribute much to the absorption and the production rate. The comparison for the 
resonance energy range shows a similar behavior as above. In the thermal energy range, 
235
U and 
238
U 
do not have any resonance in the thermal energy range. Therefore, the effective multi-group XS is 
same for all the sub-regions for the any thermal energy group. In the energy range, the flux is shielded 
because of the large absorption and fission XSs of the 
235
U. In addition, the multi-group XSs of EQ, 
DRI, SDDM, and PSM in the thermal energy range are exactly same because there is no resonance. 
Although the common XS is used in the different methods, the reaction rates are significantly 
different. EQ, DRI, and SDDM have the order of 20 pcm and 40 pcm differences in the absorption 
and the production rates, respectively. On the other hand, PSM has much small difference compared 
to that of the other methods. The flux distribution in energy and space induces the difference. In the 
resonance energy range, there are significant differences in the reaction rate from 
235
U and 
238
U with 
EQ, DRI, and SDDM. Obviously, the reaction rate in the resonance energy range has an effect on the 
flux in the thermal energy range.  
 In Fig. 35 and Fig. 36, the XSs and reaction rates in Group 29 are compared. In the group-
wise comparison with Fig. 31, EQ, DRI, and SDDM have the order of 200 pcm differences in Group 
29. The XSs and reaction rates of the absorption and fission are compared in Fig. 35 and Fig. 36, 
respectively. In Group 29, the production rate much contributes to difference in the reaction rate than 
the absorption rate. In Fig. 36, EQ and DRI have the identical XS because the XS of 
235
U is not 
corrected by the empirical shape function in DRI. DRI does not apply the shape for other nuclides (i.e., 
235
U). Therefore, EQ and DRI have the constant XS. EQ, DRI, and SDDM underestimate the 
nu*fission XS therefore the production rates with the methods are significantly underestimated. The 
three methods have 15 pcm differences in the production rates on average for all the sub-regions. The 
order of 200 pcm differences occur from the inaccurate nu*fission XSs for the all sub-regions. PSM 
shows less than 1% difference in the nu*fission XS. The production rate from PSM is slightly tilted. 
MCXS also has the tilted production rate.  
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Fig. 35. Comparison of absorption XS and reaction rate for 
235
U in Group 29 (Mosteller benchmark 5 
wt.% UO2 pin-cell). 
 
 
Fig. 36. Comparison of nu*fission XS and reaction rate for 
235
U in Group 29 (Mosteller benchmark 5 
wt.% UO2 pin-cell). 
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Table 7. Nuclide-wise contribution to k-inf difference (Mosteller benchmark 8 wt.% PuO2 reactor-
recycle MOX pin-cell). 
Nuclide 
Contribution to k-inf difference (pcm) 
EQ DRI SDDM MCXS PSM 
238
U -373 -457 -393 39 24 
239
Pu -239 -268 -250 26 -19 
242
Pu -131 -127 -131 46 32 
240
Pu 34 57 43 51 60 
241
Pu 68 59 77 16 6 
235
U -57 -58 -57 9 8 
etc. 48 54 51 9 17 
Overall -650 -741 -659 196 128 
 
 In addition to the UO2 pin-cell problem, the detailed comparison was performed for the 8 wt.% 
PuO2 content reactor-recycle MOX pin-cell problem. Table 7 shows the nuclide-wise difference in 
the reaction rate. For the MOX fuel, 
238
U, 
239
Pu and 
242
Pu are the major error sources of the difference. 
With EQ, DRI, and SDDM, the order of 250 pcm and 130 pcm differences are occurred for 
239
Pu and 
242
Pu, respectively. PSM shows less than 40 pcm differences for 
238
U, 
239
Pu, and 
242
Pu. 
 
 
Fig. 37. Contribution to k-inf difference for 
238
U in all regions (Mosteller benchmark 8 wt.% PuO2 
reactor-recycle MOX pin-cell).  
 
 Fig. 37 shows the group-wise reaction rate comparison for 
238
U. A lot of differences are in 
the resonance energy range. EQ, DRI, and SDDM have the order of 150 pcm differences in the 
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reaction rates in Groups 26 and 27. In the same groups, the differences with PSM are 27 pcm and 35 
pcm. PSM show much improved results. In Group 29, PSM has slightly larger difference in the 
reaction rate. EQ, DRI, and SDDM show 50 ~ 80 pcm differences while PSM show 75 pcm 
difference in the reaction rate. The region-wise absorption XSs and reaction rate in Groups 27 and 29 
are compared and plotted in Fig. 38 and Fig. 39 to examine the error.  
 
 
Fig. 38. Comparison of absorption XS and reaction rate for 
238
U in Group 27 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
 
 Fig. 38 shows the absorption XSs and reaction rate of 
238
U in Group 27. The error behavior 
is similar to that of the UO2 pin-cell problem. The absorption XSs of 
238
U are tilted along the radial 
direction. SDDM shows more accurate results than that with EQ and DRI. However, the absorption 
XS is still significantly overestimated. Because of the differences in the XSs, the reaction rates are 
also tilted. Even though the reaction rates are significantly tilted, much of them are canceled each 
other. In PSM results, there is no noticeable difference in the absorption XSs and reaction rates. PSM 
and MCXS show similar order of accuracy. Fig. 39 shows the same comparison in Group 29 where 
EQ, DRI, SDDM, and PSM have a similar order of difference around 70 pcm. The error behavior is 
not much different from that of Group 27. EQ, DRI, and SDDM have significant differences in locally. 
However, much of them are canceled out. Even though the PSM calculate the very accurate 
absorption XSs, the absorption reaction rate in the outmost region is underestimated by 70 pcm. 
MCXS also shows the similar differences in the outmost region. Because there are quite small 
64 
differences overestimating the reaction rate in the inner regions, the differences in the outmost regions 
are not compensated. Therefore, it cannot be said that EQ and SDDM show more accurate results in 
Group 29 than that with PSM and MCXS because the much significant local differences are canceled 
each other.  
 
 
Fig. 39. Comparison of absorption XS and reaction rate for 
238
U in Group 29 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
 
 
Fig. 40. Contribution to k-inf difference for 
239
Pu in all regions (Mosteller benchmark 8 wt.% PuO2 
reactor-recycle MOX pin-cell).  
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 The group-wise reaction rates of 
239
Pu are compared in Fig. 40. EQ, DRI, and SDDM have 
significant differences in Groups 25, 27, 28, and 29. In Group 25, 84 pcm differences in the reaction 
rate are calculated. In Group 29, 57 pcm differences are in the reaction rates with EQ, DRI, and 
SDDM. PSM shows significant improvements in the resonance energy groups The maximum 
difference in the reaction rates with PSM is around 18 pcm.  
 
 
Fig. 41. Comparison of absorption XS and reaction rate for 
239
Pu in Group 25 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
 
 The region-wise XSs and the reaction rates in Groups 25 and 29 are compared through Fig. 
41 to Fig. 44. In both of the absorption (Fig. 41) and nu*fission XSs (Fig. 42), PSM show very good 
agreement with less than 1% difference while EQ, DRI, and SDDM calculate the significantly 
overestimated XSs. The XSs from EQ and DRI are identical because DRI does not calculate the 
spatially dependent XSs in the fuel pellet except the most major nuclide 
238
U. In Group 25, the 
differences in the production rates are twice larger than that the differences of the absorption rate. 
After error cancelation, the around 84 pcm differences are remained with EQ, DRI, and SDDM. PSM 
shows accurate reaction rates for both the absorption and production which are less than 2 pcm locally. 
The error behavior in Group 29 is similar to that in Group 25. PSM does not have noticeable 
differences in the absorption XSs (Fig. 43) and the nu*fission XSs (Fig. 44) while the other resonance 
self-shielding methods have significantly overestimated XSs.  
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Fig. 42. Comparison of nu*fission XS and reaction rate for 
239
Pu in Group 25 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
 
 
Fig. 43. Comparison of absorption XS and reaction rate for 
239
Pu in Group 29 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
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Fig. 44. Comparison of nu*fission XS and reaction rate for 
239
Pu in Group 29 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
 
 
Fig. 45. Contribution to k-inf difference for 
242
Pu in all regions (Mosteller benchmark 8 wt.% PuO2 
reactor-recycle MOX pin-cell).  
 
 Fig. 45 shows the group-wise reaction rate comparison for 
242
Pu. Compared to 
238
U and 
239
Pu, 
242
Pu does not have much error in the resonance energy groups. EQ, DRI, and SDDM have about 120 
pcm difference in the reaction rate of Group 31. MCXS and PSM have around 50 pcm difference in 
the group.  
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Fig. 46. Comparison of absorption XS and reaction rate for 
242
Pu in Group 31 (Mosteller benchmark 8 
wt.% PuO2 reactor-recycle MOX pin-cell). 
 
 In Fig. 46, the absorption XSs and reaction rates are compared. For 
242
Pu, the production rate 
is very small. EQ, DRI, and SDDM show the significantly overestimated absorption XSs. EQ and 
DRI have 60% differences in the innermost region. The around 15% differences are in the absorption 
XS from SDDM. PSM shows less than 2% difference in the XSs. In the reaction rate, PSM also shows 
the most accurate results among the resonance self-shielding methods.  
 From the comparisons of the reaction rates and multi-group XSs, it is concluded as follows. 
PSM shows the most accurate and consistent results in the XS and the reaction rate among the 
resonance self-shielding methods. EQ, DRI, SDDM have the similar order of the differences in the 
reaction rate each other if the reaction rates in the sub-regions are integrated. The significant local 
differences are occurred with EQ because of its constant multi-group XS. DRI show some 
improvements in calculating the spatially dependent XSs and reaction rates, there are still 
significantly tilted error behaviors. SDDM is much accurate than EQ and DRI in calculating the 
spatial distribution of the XSs. However, the absorption XSs of many nuclides are overestimated 
because of same reason in the limitation of the conventional equivalence theory. MCXS, which can be 
one of the references in view point of the multi-group XS, shows slight differences in the reaction rate. 
The multi-group XS from PSM and MCXS agree well each other. However, the reaction rates are not 
exactly reproduced by the exact XS. Nevertheless, it can be concluded that the reasonably accurate 
reaction rate can obtained if the multi-group XS is accurate.   
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4.5. Pin-cell with Non-uniform Material Composition and Uniform 
Temperature Profile 
 The burned pin-cell problem was designed to examine the accuracy of PSMs for the pin-cell 
with the non-uniform material composition in the fuel pellet. When the collision probability is 
calculated, PSM uses one more approximation which the material composition is constant in the fuel 
pellet as described in Section 3.2. As a rigorous version of PSM, PSM-CPM was developed. PSM-
CPM uses the more rigorous method to calculate the collision probabilities in the sub-regions of the 
pellet. The 3.1 wt.% UO2 pin-cell was burned up to 60 MWd/kgHM with the 40 W/gHM initial power 
density. The discharge burnup of the fuel assembly in the actual reactor design is around 45 
MWd/kgHM. The problem has much difficult condition in terms of the heterogeneous material 
distributions. The materials used in the problem are as follow: the 3.1 wt.% UO2 fuel, the air gap, the 
Zircaloy-4 cladding, and the H2O moderator with 1300 ppm boron. The geometry of the pin-cell is 
described in Table 8. 
 
Table 8. Geometry information of the burned pin-cell problem.  
Region Dimension (cm) 
Outer radius 
Pellet 0.4096 
Gap 0.4180 
Cladding 0.4750 
Pin-pitch 1.2600 
 
 The depletion calculation was performed with the STREAM code using PSM. In the 
calculation, the fuel pellet was divided into 15 sub-regions to have an equi-volume. The depletion 
calculation was performed for the individual sub-regions. Therefore, the material compositions of 
submehes are different from each other after the depletion. The STREAM code uses the depletion 
chain with 1304 nuclides. Among the nuclides, 393 nuclides have the neutron XS data. In order to 
reduce the calculation time in generating the reference solution, the important 160 nuclides were 
selected in terms of the eigenvalue, and the modified pin-cell model was made. The difference in the 
eigenvalue between the original model and the modified model was less than 10 pcm. Fig. 47 shows 
the temperature profile and the distribution of the material composition in the fuel pellet. The MCNP6 
code and the STREAM code solved the modified problem, and the results from the codes were 
compared.  
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Fig. 47. Temperature profile and number densities (60 MWd/kg burned fuel pin-cell). 
 
Table 9. k-inf and difference (60 MWd/kg burned fuel pin-cell). 
Method k-inf Difference (pcm) 
MCNP6 (Reference) 0.793830.00014 - 
EQ 0.79008 -375 
DRI 0.78959 -424 
SDDM 0.79016 -367 
MCXS 0.79493 110 
PSM 0.79498 115 
PSM-CPM 0.79471 88 
 
 The k-inf results are compared in Table 9. PSM-CPM is used in this comparison in addition 
to PSM. EQ, DRI, and SDDM have the order of 400 pcm differences in k-inf. MCXS, PSM, and 
PSM-CPM show more accurate results which the differences in k-inf are the order of 100 pcm. There 
is 27 pcm difference in k-inf between PSM and PSM-CPM. In order to compare the results in detail, 
the nuclide-wise reaction rate are compared in Table 10. In the nuclide-wise reaction rate comparison, 
various actinides and the fission products cause the difference in the reaction rates. Among the 
actinides, 
239
Pu and 
238
U are the major error sources. With EQ, DRI, and SDDM, 100 ~ 200 pcm 
differences are occurred from each of 
239
Pu and 
238
U. PSM and PSM-CPM calculate the reaction rate 
of 
239
Pu and 
238
U with less than 40 pcm differences. Various fission products cause significant 
differences in the reaction rate for EQ, DRI, and SDDM. 
150
Sm causes the order of 90 pcm differences 
in the reaction rate for the three methods. On the other hand, PSM and PSM-CPM calculate quite 
accurate reaction rates of 
150
Sm with 1 pcm differences.   
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Table 10. Nuclide-wise contribution to k-inf difference (60 MWd/kg burned fuel pin-cell). 
Nuclide 
Contribution to k-inf difference (pcm) 
EQ DRI SDDM MCXS PSM PSM-CPM 
239
Pu -159 -179 -158 31 34 24 
238
U -170 -202 -101 -5 33 7 
150
Sm -93 -93 -95 -1 -1 -1 
152
Sm 76 76 72 6 5 6 
99
Tc -60 -60 -64 5 6 7 
147
Pm -57 -57 -59 3 5 5 
235
U -49 -52 -50 12 13 11 
238
Np -26 -26 -26 0 -26 -26 
236
U -32 -33 -32 4 10 10 
10
B 19 25 18 15 11 13 
240
Pu 30 33 32 2 2 3 
etc. 22 22 -4 20 14 19 
Overall -373 -422 -365 112 117 90 
 
 
Fig. 48. Contribution to k-inf difference for 
239
Pu in all regions (Burned UO2 pin-cell).  
  
 Fig. 48 shows the group-wise reaction rate comparison results for 
239
U. There are significant 
differences in the reaction rate of 
239
Pu with EQ, DRI, and SDDM. Especially, 30 ~ 40 pcm 
differences are occurred in Groups 25 and 29. The significant differences are successfully reduced by 
PSM and PSM-CPM. In Group 25 and 29, the differences of the reaction rates are less than 5 pcm.  
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Fig. 49. Comparison of absorption and nu*fission reaction rates for 
239
Pu in resonance energy groups 
(Burned UO2 pin-cell). 
 
 
Fig. 50. Comparison of absorption XS and reaction rate for 
239
Pu in Group 29 (Burned UO2 pin-cell). 
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Fig. 51. Comparison of nu*fission XS and reaction rate for 
239
Pu in Group 29 (Burned UO2 pin-cell). 
 
 Through Fig. 49 to Fig. 51, the region-wise reaction rates are compared. The reaction rates 
in the resonance energy ranges are integrated and compared in Fig. 49. It is shown that the magnitude 
of the reaction rates from EQ, DRI, and SDDM tend to be underestimated for both the absorption and 
the production rates. DRI and SDDM do not have noticeable improvement in the reaction rate 
compared to that of EQ. PSM and PSM-CPM calculate the more accurate reaction rates in the fuel 
pellet. The XSs and reaction rates in Group 29 are compared in Fig. 50 and Fig. 51. The absorption 
XSs from EQ, DRI, and SDDM are 15% underestimated. The underestimated absorption XS causes 
the underestimated absorption rates. The similar bias is occurred in the production rates. PSM and 
PSM-CPM shows much improved results. The differences in the reaction rates from PSM and PSM-
CPM are negligible.  
 Fig. 52 shows the group-wise reaction rate comparison for 
238
U. The error behavior is not 
much different from the Mosteller benchmark problems. The reaction rates of 
238
U with EQ, DRI, and 
SDDM are significantly different from the reference causing the order of 100 pcm differences in each 
of Groups 26 and 27. PSM and PSM-CPM have less than 30 pcm differences in the groups. Fig. 53 
shows the region-wise absorption XSs and reaction rates. The absorption XSs in the inner regions are 
significantly overestimated by EQ and DRI. SDDM has more accurate absorption XSs. However the 
differences are still significant. The difference in the absorption XSs with PSM and PSM-CPM are 
quite accurate. There no notice able differences in the absorption XSs. There are 10 ~ 30 pcm 
differences in the absorption reaction rates of the outmost region from MCXS, PSM, and PSM-CPM. 
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Fig. 52. Contribution to k-inf difference for 
238
U in all regions (Burned UO2 pin-cell).  
 
 
Fig. 53. Comparison of absorption XS and reaction rate for 
238
U in Group 27 (Burned UO2 pin-cell). 
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Fig. 54. Contribution to k-inf difference for 
150
Sm in all regions (Burned UO2 pin-cell).  
 
 
Fig. 55. Comparison of absorption XS and reaction rate for 
150
Sm in Group 27 (Burned UO2 pin-cell). 
 
Fig. 54 shows the comparison of the group-wise reaction rate of 
150
Sm. In order to calculate 
the accurate multi-group XSs of the fission products, it is important to consider the resonance 
interference effect as well as the fuel escape probability. The resonant nuclides (i.e., 
238
U) have 
relatively more contributions on the deciding the multi-group XSs of the fission products. In Group 27, 
more than 90 pcm differences in the reaction rates are occurred with EQ, DRI, and SDDM. In the 
region-wise comparison for Group 27, there are significant differences in the XSs and the reaction 
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rates from the three methods (See Fig. 55). The major source of the differences is the resonance 
interference effect. The resonance interference effect should be considered with the detailed pointwise 
XSs and flux distributions because the positions of the resonance peaks have very significant impacts 
on the interference effect. However, the Bondarenko iteration method in the conventional equivalence 
theory considers the resonance interference effect in the multi-group parameters. PSM and PSM-CPM 
solve the pointwise energy equations with the fuel material with the mixed nuclides so that the 
resonance interference effect is considered spontaneously. There is no noticeable difference in the 
XSs and reaction rates.  
From the verification with the burned pin-cell problem, it is concluded that PSM and PSM-
CPM calculate the very accurate multi-group XSs and reaction rates. PSM does not lose its accuracy 
even though the burned pin-cell problem has significantly heterogeneous material compositions in the 
sub-regions of the pellet. PSM and PSM-CPM show always superior results than that of EQ, DRI, and 
SDDM. EQ, DRI, SDDM shows significant differences in the XSs and the reaction rates of actinides 
and the fission products. Because PSM and PSM-CPM solve the pointwise energy slowing-down 
equations on-the-fly, the resonance interference effect can be accurately considered. Therefore, the 
high accuracy can be achieved with PSM and PSM-CPM for the highly burned pin-cell problem.  
 
4.6. Pin-cell with Non-uniform Material Composition and Temperature 
Profile 
 In Section 4.5, the verification problem has non-uniform material compositions in the fuel 
pellets. In this section, both the material composition and temperature profiles are non-uniform. 
Nowadays, the whole-core transport calculation with the multi-physics coupling is the one of the 
issues. If the TH feedback calculation is coupled, the fuel pellet has non-uniform temperature profile. 
Obviously, the temperature has the impact on the XSs. PSM approximates the constant pointwise 
energy XS in the fuel pellet in computing the collision probability. Therefore, the approximation 
cannot work with the non-uniform temperature profile. Because of this issue, PSM-CPM is also 
developed to eliminate the approximation. The both methods are verified with the highly burned UO2 
pin-cell problem with the temperature profile. The identical pin-cell in Section 4.5 was used in the 
verification. However, the depletion calculation is performed with the TH feedback. The parameters 
used in the TH feedback are described in Table 11. 
 Similarly to the pin-cell problem in Section 4.5, the important 160 nuclides of the fuel were 
selected, and the new modified pin-cell problem was made to reduce the calculation time elapsed in 
generating the reference solution. Fig. 56 shows the temperature profile and the material distribution 
in the fuel pellet. The STREAM code with the different methods and the MCNP6 code were used the 
modified pin-cell problem for the verification.   
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Table 11. Parameters for TH feedback calculation. 
Parameter Value 
Inlet temperature 565 K 
Mass flux 3706 kg/m
2sec 
Initial power density 40 W/gHM 
Height 380 cm 
 
 
Fig. 56. Temperature profile and number densities (60 MWd/kg burned fuel pin-cell with TH 
feedback). 
 
 There are some remarks to generate the reference solution. The original MCNP6 data library 
is given for temperatures with 300 K intervals. Therefore, it is necessary to generate the ACE library 
for all the temperature of interest. In order to make the accurate reference solution, the ACE library 
for the MCNP6 was generated for all temperatures in the problem. The MAKXSF program in the 
MCNP6 code package was used to generate the S(𝛼, 𝛽) data of hydrogen in the light water. One may 
uses LEAPR module in the NJOY code to generate the S(𝛼, 𝛽) data for the temperature which is not 
given in ENDF. From the internal test, however, it was concluded that MAKXSF can generate more 
reasonable S(𝛼, 𝛽) data in terms of the trend of k-inf versus the temperature.  
 The STREAM code performs linear interpolation to calculate the XSs of any temperature of 
interest. The temperature interval of the pointwise energy XS library is about 100 K between 293.6 K 
and 1800 K. The 100 K interval is sufficient to calculate the accurate multi-group XS from the 
pointwise energy slowing-down calculation. The interval for the multi-group XS library is also 100 K.  
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Table 12. k-inf and difference (60 MWd/kg burned fuel pin-cell with TH feedback). 
Method k-inf Difference (pcm) 
MCNP6 (Reference) 0.792850.00014 - 
EQ 0.78914 -371 
DRI 0.78916 -369 
SDDM 0.79030 -255 
MCXS 0.79412 127 
PSM 0.79398 113 
PSM-CPM 0.79385 100 
 
Table 13. Nuclide-wise contribution to k-inf difference (60 MWd/kg burned fuel pin-cell with TH 
feedback). 
Nuclide 
Contribution to k-inf difference (pcm) 
EQ DRI SDDM MCXS PSM PSM-CPM 
239
Pu -156 -157 -115 39 36 31 
238
U -184 -175 -27 -3 19 3 
150
Sm -91 -91 -93 -1 -1 -1 
152
Sm 76 76 71 6 6 6 
99
Tc -59 -60 -65 4 6 6 
147
Pm -57 -57 -60 3 5 5 
235
U -51 -50 -45 10 9 9 
238
Np -26 -26 -26 0 -27 -27 
236
U -32 -33 -34 4 9 9 
10
B 34 34 29 6 6 7 
240
Pu 21 21 9 16 13 14 
etc. 19 19 -7 19 13 17 
Overall -373 -371 -257 125 112 98 
 
 The results for k-inf and the nuclide-wise reaction rate comparison are shown in Table 12 
and Table 13, respectively. The results are very similar to the results in Section 4.5. EQ, DRI, and 
SDDM show the order of 300 pcm differences in k-inf while PSM and PSM calculate the k-inf with 
the order of 100 pcm difference. In the nuclide-wise comparison, EQ, DRI, and SDDM have 
significant differences in the various actinide and fission products. PSM and PSM-CPM show good 
agreement in the nuclide-wise reaction rate. The maximum difference is less than 40 pcm. The 
difference between PSM and PSM-CPM is not noticeable.   
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Fig. 57. Contribution to k-inf difference for 
239
Pu in all regions (Burned UO2 pin-cell with TH 
feedback).  
 
 
Fig. 58. Comparison of absorption XS and reaction rate for 
239
Pu in Group 29 (Burned UO2 pin-cell 
with TH feedback).  
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Fig. 59. Comparison of nu*fission XS and reaction rate for 
239
Pu in Group 29 (Burned UO2 pin-cell 
with TH feedback).  
 
Fig. 57 shows the comparison of the reaction rate of 
239
Pu. EQ, DRI, and SDDM have 
significant difference in the reaction in Groups 25, 27, and 29. PSM and PSM-CPM have less than 5 
pcm differences in the reactions of the groups. In the region-wise comparison (See Fig. 58 and Fig. 
59), the absorption and nu*fission XSs are accurately calculated with PSM and PSM-CPM while 
there are the order of 15% differences in the XSs with EQ, DRI, and SDDM. There is slight difference 
in the XSs from PSM and PSM-CPM. Comparing to PSM-CPM, PSM calculates slightly smaller XSs 
in the inner regions and larger XSs in the outer regions. The XSs from PSM is slightly tilted compared 
to that of PSM-CPM. The difference is less than 0.5%.  
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Fig. 60. Contribution to k-inf difference for 
238
U in all regions (Burned UO2 pin-cell with TH 
feedback).  
 
 
Fig. 61. Comparison of absorption XS and reaction rate for 
238
U in Group 27 (Burned UO2 pin-cell 
with TH feedback).  
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Fig. 62. Comparison of absorption XS and reaction rate for 
238
U in Group 29 (Burned UO2 pin-cell 
with TH feedback).  
 
Fig. 60 shows the comparison of the group-wise reaction rates of 
238
U. EQ, DRI, and SDDM 
have the order of 100 pcm in Group 26 and 27, respectively. PSM and PSM-CPM have less than 30 
pcm differences in the reaction rates in the groups. The difference between the PSM and PSM-CPM is 
not noticeable. In Fig. 61, the region-wise XSs and the reaction rates of 
238
U are compared. PSM-
CPM calculates the quite accurate multi-group XS. The differences in the XSs are less than 1% in all 
the sub-regions of the pellet. Similarly to the comparison with 
239
Pu, the XSs from PSM are slightly 
tilted compared to that from PSM-CPM. Comparing to PSM-CPM, PSM calculates the overestimated 
XSs in the inner regions and the underestimated XSs in the outer regions. In Fig. 62, the XSs in 
Group 29 also have the similar tendency.  
From the verification with the burned pin-cell with the non-uniform temperature profile, it is 
verified that PSM and PSM-CPM calculate the accurate multi-group XSs and the reaction rates. PSM-
CPM show quite good accuracy for the problem with the non-uniform temperature profile and 
material distributions. Although PSM has a slight in-out tilt in the XS compared to that of PSM-CPM, 
PSM still show good agreement in the XSs and the reaction rate compared to the reference solutions. 
The non-uniform temperature profile causes the bias in PSM. The reason of the bias will be discussed 
in the next section with a more significant non-uniform temperature profile.  
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4.7. SNU Non-uniform Temperature Pin-cell Benchmark 
A research team in Seoul national university (SNU) developed the non-uniform fuel 
temperature benchmark [33] to examine the accuracy of the subgroup method to the pin-cell problem 
with the non-uniform temperature profile. The benchmark includes the 14 pin-cell problems with the 
7 different power levels and two sets of the temperature profiles (i.e., uniform and non-uniform 
temperature profiles). The materials used in the problem are as follow: the 3 wt.% UO2 fuel, the air 
gap, the natural Zirconium cladding, and the H2O moderator. The fuel pellet is divided into 5 sub-
regions to have an equi-volume.  
 
  
Fig. 63. Temperature profiles of uniform temperature cases (SNU benchmark). 
 
 
Fig. 64. Temperature profiles of non-uniform temperature cases (SNU benchmark).  
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There are two sets of the temperature profiles as shown in Fig. 63 and Fig. 64. The profiles 
are given for the difference power levels from 50% to 200%. The 100% power is corresponded to the 
power level of the full power operation. The more detailed specifications are in the reference [33]. 
The reference solution was generated with MCNP6. The default scattering kernel (i.e., SVT) was used 
in the calculation. For the consistent comparison, the STREAM code also used the SVT upscattering 
correction to treat the resonance upscattering effect. Although the 5 sub-regions are used in the fuel 
pellet in the benchmark, the each sub-region was divided into 3 regions to examine the more detailed 
information. Therefore, 15 sub-regions were used in the calculation with the MCNP6 code and the 
STREAM code.  
 
 
Fig. 65. Comparison of reactivity (SNU benchmark). 
 
The pin-cell problems in the benchmark were solved with the different methods, and the 
obtained reactivities were compared in Fig. 56. The reactivities and those differences were plotted as 
a function of the average temperature of the fuel pellet. EQ, DRI, and SDDM show the significantly 
underestimated reactivities. The around 500 pcm differences are in the results. The reactivities are 
biased as a function of the average fuel temperature. PSM and PSM-CPM calculate the reactivities 
with less than 100 pcm difference for all the cases. There is no noticeable bias in the results with 
PSM-CPM. The results with MCXS are also similar to that with PSM-CPM. In the non-uniform cases, 
PSM shows a slightly biased reactivity. As the power increases, the reactivity with PSM is 
underestimated. In order to examine the temperature bias, the fuel temperature coefficient (FTC) was 
calculated. FTC was calculated with the least square fitting to the reactivities versus the average fuel 
temperatures. The FTC results are shown in Table 14.  
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Table 14. Fuel temperature coefficients (SNU benchmark). 
Method 
Uniform temperature profile Non-uniform temperature profile 
FTC (pcm/K) Difference (%) FTC (pcm/K) Difference (%) 
MCNP6 -1.896 - -1.849 - 
EQ -2.083 -9.86  -2.056 -11.22  
DRI -2.087 -10.02  -1.661 10.18  
SDDM -2.098 -10.65  -1.913 -3.45  
MCXS -1.944 -2.51  -1.891 -2.25  
PSM -1.928 -1.67  -1.993 -7.77  
PSM-CPM -1.928 -1.65  -1.859 -0.56  
 
 There are significant differences in the FTCs with the EQ, DRI, and SDDM. For the cases 
with the uniform temperature profile, the three methods have the order of 10% differences in the 
FTCs. If the non-uniform temperature profile is used, the three methods still have quite significant 
differences in the FTCs. The FTCs with DRI and SDDM are not consistent for the two profiles. The 
differences in the FTCs with DRI are changed from 10.02% (in negative) to 11.22% when the 
temperature profile is changed. The differences in the FTCs with SDDM are changed from 10.65% to 
3.45%. The FTC with PSM is quite accurate with 1.67% difference if the uniform temperature profile 
is used. However, PSM has 7.77% difference in the FTC for the problem with the non-uniform 
temperature profile. PSM shows the significant bias in the FTC. On the other hand, PSM-CPM shows 
the consistent and the accurate results for the both temperature profiles. The differences in the FTCs 
are 1.65% and 0.56% for each profile.  
 
 
Fig. 66. Contribution to k-inf difference for 
238
U in all regions (200% power non-uniform temperature 
case).  
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Fig. 67. Comparison of absorption XS for 
238
U in Group 27 (200% power non-uniform temperature 
case). 
 
 
Fig. 68. Comparison of absorption XS for 
238
U in Group 29 (200% power non-uniform temperature 
case). 
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In order to examine the bias in the FTC, the detailed reaction rates are compared for the 
problem with 200% power and the non-uniform temperature proflem. Fig. 66 shows the group-wise 
comparison of the reaction rates. PSM and PSM-CPM shows relatively accurate results in the reaction 
rates of the resonance energy groups. There are 5 ~ 30 pcm differences in k-inf between PSM and 
PSM-CPM. In Fig. 67 and Fig. 68, the region-wise absorption XSs and the reaction rates in Groups 
27 and 29 are compared, respectively. The absorption XSs with PSM are tilted along the radial 
direction. The XSs in the inner regions are overestimated while the XSs in the outer regions are 
underestimated. The maximum difference in the XS with PSM is 9%. On the other hand, PSM-CPM 
shows negligible differences in the XSs.  
The differences in the XSs between PSM and PSM-CPM are caused by the methods to 
calculate the collision probabilities. PSM calculates the average total XS with Eq. (50), and then 
interpolates the collision probability from the ˆ isoijP  table using the average pointwise energy total XS.  
Fig. 69 shows the macroscopic pointwise energy total XSs and the ratio of the XSs in each region to 
the average XS in the pellet between 4 to 27.7 eV. When the temperature increases, the overall 
resonance XSs increase. In calculating the collision probability with PSM, the resonance XSs in the 
inner regions are underestimated. With the underestimated XSs, PSM overestimates the fuel escape 
probabilities in the inner regions, and then overestimates the scattering sources from the moderator. 
Finally, the reaction rates of the resonance are overestimated therefore the multi-group XSs are 
overestimated in the inner regions. On the other way, the reaction rates in the outer regions are 
underestimated because of the overestimated fuel escape probabilities. Therefore, the multi-group XS 
is underestimated in the outer regions.  
 
 
Fig. 69. Macroscopic total XSs in fuel pellet (200% power non-uniform temperature case). 
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Fig. 70. Contribution to k-inf difference for 
235
U in all regions (200% power non-uniform temperature 
case). 
 
 
Fig. 71. Comparison of absorption XS for 
235
U in Group 29 (200% power non-uniform temperature 
case). 
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Fig. 72. Comparison of nu*fission XS for 
235
U in Group 29 (200% power non-uniform temperature 
case). 
 
The comparison for the group-wise reaction rate of 
235
U is shown in Fig. 70. There is no 
noticeable difference between PSM and PSM-CPM. Both PSM and PSM-CPM calculate the quite 
accurate group-wise reaction rates for 
235
U. Fig. 71 and Fig. 72 show the region-wise XSs and the 
reaction rate in Group 29. Similarly to 
238
U, PSM shows the tilted multi-group XSs compared to that 
of PSM-CPM. However, the bias is quite small for the 
235
U. Both PSM and PSM-CPM show good 
agreement in the XSs with less than 1% difference. 
From the verification with the SNU benchmark, it is concluded that the accurate k-inf can be 
calculated with PSM and PSM-CPM. For the pin-cell with the 200% power, PSM has a bias in 
calculating the fuel temperature coefficient for the problems with the non-uniform temperature profile. 
PSM calculates the tilted multi-group XSs in the fuel pellet because of the approximation in 
calculating the collision probability. It is verified that PSM-CPM can consider the non-uniform 
temperature profile accurately because the approximation is not used in the PSM-CPM. The FTCs, the 
multi-group XSs and the reaction rates from PSM-CPM are very accurate compared to the reference 
solutions. 
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4.8. VERA 17x17 Fuel Assembly Problem 
 
 
Fig. 73. Configuration of rods in 17x17 Fuel assembly problem. 
 
In addition to the pin-cell problems in the previous sections, 17x17 fuel assembly (FA) 
problems were solved to verify the resonance self-shielding methods. The 17x17 FAs in the VERA 
benchmark problem [34] were selected, and solved in this section. Fig. 73 shows the configuration of 
the rods for the various types of the FAs. The various burnable poisons and the control rods were used 
in the FA design. Table 15 shows the material information and short descriptions for the FAs. The 
detailed specifications of the geometry and the material composition are well described in the 
reference [34]. The solutions for the 17x17 FAs were generated by SDDM and PSM. Because the EQ, 
DRI, and SDDM have the similar accuracy in k-inf, only SDDM among the conventional method was 
used in this comparison. The fuel pellets used in this problem have uniform material composition and 
the uniform temperature profile. Therefore, the solutions were not generated with PSM-CPM because 
the results are same as that of PSM.  
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Table 15. Description for fuel assembly problem. 
Problem Description 
UO2 
enrichment 
(%) 
Moderator 
temperature 
(K) 
Fuel 
temperature 
(K) 
Moderator 
density 
(g/cc) 
Boron 
concentration 
(ppm) 
A No poison 
3.1 
565 565 0.743 
1300 
B No poison 
600 
600 
0.661 C No poison 900 
D No poison 1200 
E 12 Pyrex 
600 0.743 
F 24 Pyrex 
G 24 AIC 
H 24 B4C 
I Thimble 
J 
Thimble, 24 
Pyrex 
K 
Zoned, 24 
Pyrex 
3.1, 3.6 
L 80 IFBA 
3.1 M 128 IFBA 
N 
104 IFBA, 20 
WABA 
O 12 Gadolinia 
1.8, 3.1 
P 24 Gadolinia 
 
The results for k-inf and the pin power distribution were obtained with SDDM and PSM as 
shown in Table 16 and Table 17, respectively. SDDM shows the order of 500 pcm differences in k-
inf. The difference in k-inf is quite fluctuated depending on the FA types. When the temperature of 
the fuel increases, k-inf from SDDM is more underestimated. The loadings of the IFBA road and 
Gadolinia fuel cause the bias in the k-inf. The RMS difference and the maximum difference in the pin 
power distribution are about 0.10% and 0.25%, respectively. There is no significant difference in the 
pin power distribution. PSM shows quite accurate and consistent results. The differences in k-inf are 
the order of 100 pcm. For the FA with AIC control rods, PSM has 257 pcm difference in k-inf. The 
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pin power distribution is not much different from that of SDDM. The RMS difference and the 
maximum difference in the power distribution are around 0.1% and 0.27%, respectively.  
From the verification with the various types of the 17x17 FA, it is verified that PSM 
calculate the accurate and consistent results in k-inf and pin power distribution. Even though the more 
heterogeneous condition was made with the various burnable poisons and the control rods, PSM still 
gives the accurate solutions.  
 
Table 16. k-inf and pin power distribution results – SDDM. 
Problem Description 
k-inf Pin power difference (%) 
MCNP6 SDDM 
Difference 
(pcm) 
RMS Max 
A No poison 1.18196  0.00002 1.17622 -574 0.07  0.03 0.21  0.04 
B No poison 1.18307  0.00002 1.17695 -612 0.07  0.03 0.21  0.03 
C No poison 1.17382  0.00002 1.16690 -692 0.08  0.03 0.21  0.03 
D No poison 1.16604  0.00002 1.15841 -763 0.07  0.03 0.20  0.03 
E 12 Pyrex 1.06911  0.00002 1.06380 -531 0.08  0.03 0.21  0.03 
F 24 Pyrex 0.97537  0.00002 0.97047 -490 0.10  0.04 0.22  0.04 
G 24 AIC 0.84690  0.00002 0.84343 -347 0.12  0.04 0.35  0.04 
H 24 B4C 0.78731  0.00002 0.78458 -273 0.14  0.04 0.36  0.04 
I Thimble 1.17963  0.00002 1.17392 -571 0.07  0.03 0.20  0.03 
J Thimble, 24 Pyrex 0.97462  0.00002 0.96972 -490 0.10  0.04 0.22  0.04 
K Zoned, 24 Pyrex 1.01945  0.00002 1.01427 -518 0.09  0.04 0.22  0.04 
L 80 IFBA 1.01845  0.00002 1.01377 -468 0.10  0.04 0.33  0.04 
M 128 IFBA 0.93837  0.00002 0.93402 -435 0.10  0.04 0.32  0.04 
N 
104 IFBA, 20 
WABA 
0.86906  0.00002 0.86502 -404 0.12  0.04 0.34  0.04 
O 12 Gadolinia 1.04736  0.00002 1.04150 -586 0.11  0.03 0.32  0.03 
P 24 Gadolinia 0.92703  0.00002 0.92126 -577 0.15  0.04 0.20  0.04 
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Table 17. k-inf and pin power distribution results – PSM. 
Problem Description 
k-inf Pin power difference (%) 
MCNP6 PSM 
Difference 
(pcm) 
RMS Max 
A No poison 1.18196  0.00002 1.18197 1 0.08  0.03 0.21  0.04 
B No poison 1.18307  0.00002 1.18325 18 0.08  0.03 0.21  0.03 
C No poison 1.17382  0.00002 1.17383 1 0.08  0.03 0.21  0.03 
D No poison 1.16604  0.00002 1.16590 -14 0.07  0.03 0.21  0.03 
E 12 Pyrex 1.06911  0.00002 1.06934 23 0.08  0.03 0.21  0.03 
F 24 Pyrex 0.97537  0.00002 0.97573 36 0.10  0.04 0.22  0.04 
G 24 AIC 0.84690  0.00002 0.84947 257 0.16  0.04 0.35  0.04 
H 24 B4C 0.78731  0.00002 0.78876 145 0.15  0.04 0.36  0.04 
I Thimble 1.17963  0.00002 1.17980 17 0.08  0.03 0.21  0.03 
J Thimble, 24 Pyrex 0.97462  0.00002 0.97498 36 0.10  0.04 0.22  0.04 
K Zoned, 24 Pyrex 1.01945  0.00002 1.01991 46 0.10  0.04 0.22  0.04 
L 80 IFBA 1.01845  0.00002 1.01899 54 0.11  0.04 0.44  0.04 
M 128 IFBA 0.93837  0.00002 0.93892 55 0.09  0.04 0.32  0.04 
N 
104 IFBA, 20 
WABA 
0.86906  0.00002 0.86974 68 0.13  0.04 0.34  0.04 
O 12 Gadolinia 1.04736  0.00002 1.04728 -8 0.12  0.03 0.46  0.03 
P 24 Gadolinia 0.92703  0.00002 0.92691 -12 0.09  0.04 0.20  0.04 
 
4.9. 2x2 Multi-assembly Problem 
The 2x2 multi-assembly problem was designed to verify PSM for a more complicated 
condition. When the power reactor is analyzed with the one-step approach, there are significant 
differences in the pin powers and the temperature profiles of the fuel pins which are in the interfaces 
of the fuel assemblies. When the Dancoff factor is calculated in PSM, it is assumed that one type of 
the fuel pin is used in the whole problem. Therefore, the assumption can cause error when the fuel 
pins, which have big different conditions, are used in the problem. The multi-assembly problem was 
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designed in order to verify the accuracy of PSM in that point. The two types of FAs are used in the 
2x2 multi-assembly problem as shown in Fig. 74.  
 
 
Fig. 74. Fuel assembly configuration of 2x2 multi-assembly problem. 
 
The 2.1 wt.% UO2 fuel pin-cell is used in the assembly type A. No burnable poison is used in 
the assembly A (FA-A). The assembly B (FA-B) has the 3.1 wt.% UO2 fuel and 12 Pyrex rods. The 
multi-assembly problem was solved with the TH feedback. The TH feedback condition is shown in 
Table 11. There are some issues to generate the reference solution. The MCNP6 code cannot perform 
the TH feedback, and the ACE library is needed to be generated for all the temperature used in the 
problems. However, it is difficult to generate the ACE library for all the temperature. Even though the 
library is ready, the MCNP6 code cannot run the problem with the continuous energy XS with all the 
temperatures because of the memory problem. Therefore, a simplified problem was made as follow. 
First, the calculation was performed with the STREAM code. Using the output from STREAM, the 
simplified model was made to have one temperature profile for each FA. The temperature profile of 
the modified FA-A came from the fuel pin-cell with the lowest power (or temperature) in the FA-A of 
the original problem. The temperature profile of the modified FA-B came from the fuel pin-cell with 
the highest power (or temperature) in the FA-B of the original problem. Fig. 75 shows the 
temperature profiles of the modified multi-assembly problem. The temperature and the density of the 
moderator in the FA-A is 580 K and 0.7067 g/cc, respectively. The temperature and the density of the 
moderator in the FA-B is the 588 K and the 0.6932 g/cc. The modified problem was solved with 
MCNP6 and STREAM. 
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Fig. 75. Temperature profile of fuel pellets. 
 
 
Fig. 76. Pin power distribution from MCNP6 (2x2 multi-assembly problem). 
 
Fig. 76 shows the power distribution with the MCNP6 code. The standard deviation of the 
pin powers are the order of 0.11%. As shown in the figure, the pin powers of the fuel pins in the 
interface of the assemblies are have a big difference each other (0.861 for FA-A, and 1.16 for FA-B). 
The fuel pin-cells used in the each FA have different enrichments, the temperature profiles, and the 
moderator. Table 18 shows the results of k-inf and the pin power distribution. EQ, DRI, and SDDM 
have significantly underestimated k-inf. The differences in k-inf with the three methods are 400 ~ 600 
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pcm. The difference in the pin power distribution is reasonable. The RMS difference are 0.10 ~ 0.12%. 
The maximum difference is less than 0.33%. The differences in k-inf with PSMs are less than 30 pcm. 
PSMs calculate the quite accurate k-inf and the pin power distribution. Fig. 77 and Fig. 78 show the 
relative differences in the pin power distributions with PSM and PSM-CPM. As shown in the figures, 
the differences in the pin powers of the fuel pins near the interfaces (i.e., Pin-1 and Pin 2 in Fig. 75) 
are less than 0.09%. Although the quite difference fuel pins are used in the problem, PSMs still 
calculate the accurate k-inf and the pin power distribution.  
 
Table 18. Results for k-inf and pin power distribution (2x2 multi-assembly problem). 
Method 
k-eff Pin power difference (%) 
k-eff 
Difference 
(pcm) 
RMS Max Max pin 
MCNP6 
1.05800 
 0.00002 
- - - - 
EQ 1.05168 -632 0.12  0.12 0.32  0.13 0.09  0.12 
DRI 1.05162 -638 0.11  0.12 0.32  0.13 0.09  0.12 
SDDM 1.05384 -416 0.10  0.12 0.32  0.13 0.09  0.12 
PSM 1.05777 -23 0.11  0.12 0.32  0.13 0.09  0.12 
PSM-CPM 1.05802 2 0.11  0.12 0.32  0.13 0.09  0.12 
 
 
Fig. 77. Relative difference in pin power distribution with PSM (unit:%).  
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Fig. 78. Relative difference in pin power distribution with PSM-CPM (unit:%). 
 
In order to calculate the contribution of a specific parameter (i.e., the energy group, the 
nuclide, and the cell) to k-inf, it is needed to tally the reaction rates of all the cells in the problem. In 
the previous sections, it is possible to tally the reactions of all the cells because the problem size is 
small. However, it is very difficult to tally the reaction rates of all the cells in the multi-assembly 
problem because of an extremely significant computational burden. Therefore, the reaction rates were 
tallied for the two pin-cells which are Pin-1 and Pin-2 in Fig. 75. The k-inf of Pin-1 and Pin-2 are 
1.05118 and 1.20863, respectively. In the reaction rate comparison, Eq. (72) is used but with the 
integration for the cells is each pin-cell (Pin-1 and Pin-2).  
Table 19 and Table 20 show the nuclide-wise reaction rates comparisons for Pin-1 and Pin-2, 
respectively. The error behavior is similar to the previous verification problems. EQ, DRI, and SDDM 
have the significant differences in the reaction rates of 
235
U and 
238
U. With PSM and PSM-CPM, the 
differences in the reaction rates of the each nuclide are less than 53 pcm. Fig. 79 and Fig. 80 show the 
region-wise reaction rate comparison for Pin-1 and Pin-2. PSM and PSM-CPM still show good 
agreement in the reaction rate even though the quite different fuel pin-cells are used in the multi-
assembly problem. The error behavior is quite similar to that in the infinite pin-cell problems.  
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Table 19. Nuclide-wise contribution to k-inf difference (Pin-1 in mutli-assembly problem). 
Nuclide 
Contribution to k-inf difference (pcm) 
EQ DRI SDDM PSM PSM-CPM 
235
U -454 -467 -356 -50 -42 
238
U -390 -404 -240 -41 -30 
10
B 92 96 69 37 35 
1
H 37 39 28 15 14 
234
U 12 12 11 1 1 
etc. 15 15 14 10 10 
Overall -689 -709 -474 -28 -12 
 
Table 20. Nuclide-wise contribution to k-inf difference (Pin-2 in mutli-assembly problem). 
Nuclide 
Contribution to k-inf difference (pcm) 
EQ DRI SDDM PSM PSM-CPM 
235
U -437 -441 -336 -28 -13 
238
U -432 -429 -227 -53 -23 
10
B 74 76 52 30 26 
1
H 30 31 21 12 11 
234
U 17 17 16 2 2 
etc. 15 15 13 10 9 
Overall -733 -731 -461 -27 13 
 
 
Fig. 79. Comparison of reaction rates of 
235
U and 
238
U in resonance energy groups (Pin-1 in mutli-
assembly problem).   
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Fig. 80. Comparison of reaction rates of 
235
U and 
238
U in resonance energy groups (Pin-2 in mutli-
assembly problem).  
 
 
From the verification with the multi-assembly problem, it is verify that PSM and PSM-CPM 
can calculate the eigenvalue, the pin power distribution, and the reaction rate without the loss of 
accuracy compared to that of the infinite pin-cell problems. It is concluded that the different types of 
fuel pin-cells in the realistic multi-assembly problem does not cause noticeable error.  
 
4.10. 17x17 Fuel Assembly Depletion Benchmark 
 
 Table 21. Description for fuel assembly depletion problems. 
Problem Description 
UO2 
enrichment 
(%) 
Moderator 
temperature 
(K) 
Fuel 
temperature 
(K) 
Moderator 
density 
(g/cc) 
Boron 
concentration 
(ppm) 
A No poison 3.1 
600 900 0.700 1300 B 24 Pyrex 3.1 
C 24 Gadolinia 1.8, 3.1 
 
The depletion problems were solved to verify the accuracy of the XS for the depletion 
calculation. Because the reaction rates are used in the depletion calculation, it is important to calculate 
the accurate multi-group XS and the reaction rates to achieve the high accuracy in the final solution. 
Three types of fuel assembly problems were solved as shown in Table 21. The problem A is the 
normal UO2 FA without any burnable poison. The 24 Pyrex rods are used in the problem B. The 24 
100 
Gadolinia fuel rods are used in the problem C. The three FAs were burned with the 40 W/g power 
density. The final burnup is 60 MWd/kgHM. The verification problems came from the VERA 
depletion benchmark [35]. The problems A, B, and C are identical to the problems 2C, 2F, and 2P in 
the VERA depletion benchmark, respectively. 
The reference data was generated by the SERPENT Monte Carlo code. The STREAM code 
and the SERPENT code utilized the common recoverable energy per fission (which is usually called 
as kappa) to be compared consistently. STREAM and SERPENT2 used their data for the depletion 
chain, decay, and yield. SERPENT2 uses more than 3,000 nuclides in the depletion chain. 
SERPENT2 uses an algorithm to decide the nuclides in the depletion chain depending on the problem. 
STREAM uses 1,304 nuclides in the depletion chain. The fuel pellet was divided into 15 sub-regions 
so that each pellet has the 15 different depletion zones. In order to get reliable results, the sufficiently 
many number of depletion steps are necessarily to be used in the depletion calculation. In STREAM 
and SERPENT2 calculations, 40 steps are used for both UO2 FA without and FA with Pyrex. The 40 
steps are sufficient to calculate the converged k-inf for both codes. With the SERPENT code, more 
than 300 steps are needed to get fully converged solutions for the FA with the 24 gadolinia fuel rods. 
STREAM uses the quadratic depletion methods to reduce the discretization error [37]. With the 
quadratic depletion method, STREAM can give the converged solution with 40 ~ 50 depletion steps. 
The FA depletion problems were solved with the rigorous mesh divisions and the number of time 
steps. The obtained results are shown through Fig. 81 to Fig. 83.  
 
 
Fig. 81. Analysis result of 17x17 fuel assembly without poison. 
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Fig. 82. Analysis result of 17x17 fuel assembly with 24 Pyrex. 
 
 
Fig. 83. Analysis result of 17x17 fuel assembly with 24 Gadolinia. 
 
EQ, DRI, and SDDM have significant bias in k-inf as a function of the burnup. The initial k-
inf is underestimated by 600 pcm. The difference in k-inf decreases as the burnup increases. In the 
comparisons of the reaction rates in the previous sections, 
238
U absorption reaction rates are 
significantly overestimated by the three methods leading the negative contribution to the difference in 
k-inf. Therefore, the number density of 
239
Pu is overestimated with the three methods. This is the 
major reason of the trends in k-inf. PSM and PSM-CPM show the very accurate and consistent results 
of k-inf. The differences in k-inf are the order of 100 pcm from 0 to 60 MWd/kgHM burnup. It is 
important to note that the difference between PSM and PSM-CPM is less than 10 pcm for all the 
depletion steps in the three FA problems. It was noted that PSM has bias when the non-uniform 
102 
temperature profile is used. However, the non-uniform material compositions do not cause the 
noticeable bias in the results from PSM.  
Although STREAM and SERPENT2 use the common kappa data, they are using still many 
different data and libraries for the depletion calculation. Therefore, the error from the use of the 
different data is included in the comparisons. It is difficult to say how much difference in k-inf is 
caused by the difference in the depletion libraries. Because the depletion results with PSM and PSM-
CPM show very good agreement with that of SERPENT2, it is expected that the error is not 
significant. More detailed examination is necessary  
 From the verification with the depletion problem, it is verified that PSM and PSM-CPM 
calculate the accurate and consistent results for the depletion. To get a high accuracy in the depletion 
calculation, it is important to calculate the accurate reaction rates of the every nuclide. The resonance 
interference treatment is also important because a lot of resonant nuclides are mixed together. 
Although the material compositions are not uniform in the fuel pellet, PSM calculates very close 
results to PSM-CPM. The difference between PSM and PSM-CPM is less than 10 pcm. The non-
uniform material compositions made by the depletion do not cause a noticeable error in PSM. 
  
4.11. Test for Computing Time 
PSM and PSM-CPM showed high accuracy in the reactor parameters for the various 
verification problems. In order to use PSM and PSM-CPM in the practical design, it should be 
confirmed that PSM and PSM-CPM calculate the effective multi-group XS within a reasonable 
computation time.  
The 17x17 FA problem was selected for the computation time comparison. Since DRI and 
SDDM require a very small additional computation cost compared to EQ, only EQ was compared to 
PSM. The FA was modeled with the octant symmetry. Following two options were used in the 
calculation: 1) Rigorous MOC condition: 0.01 cm ray spacing, 128 azimuthal angles, and T-Y 
optimized 3 polar angles [38]; 2) Coarse MOC condition: 0.05 cm ray spacing, 48 azimuthal angles, 
and 3 polar angles. In the test, each pin-cell had 8 azimuthal sectors, 3 radial sub-regions in the 
coolant, and 5 radial sub-regions in the fuel pellet. The number of the flat source regions is 2,842. The 
number of macroscopic XS sets is 242. The inflow transport corrected P0 (TCP0) model is used for 
both of the two options [39]. Generally, the coarse MOC condition and the TCP0 model are used for 
the practical calculation. It should be noted that all of calculation results in the previous sections were 
calculated with the rigorous MOC calculation option and P2 high order scattering model to reduce 
errors from MOC and anisotropic source. 
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Table 22. Comparison for elapsed time (unit: sec). 
Category 
Coarse MOC condition Rigorous MOC condition 
EQ PSM 
PSM-
CPM 
EQ PSM 
PSM-
CPM 
Reading library
a)
 0.36 0.37 0.37 0.37 0.37 0.37 
MOC FSP solver for fuel
b)
 0.36 0.03 0.03 4.65 0.31 0.31 
MOC FSP solver for cladding
c)
 0.36 0.35 0.36 4.62 4.63 4.61 
Interpolation in 
multi-group XS & RI libraries
d)
 
0.97 0.15 0.14 0.96 0.15 0.16 
Nuclide grouping
e)
 
& XS condensation
f)
 
- 0.23 0.22 - 0.22 0.22 
Slowing-down solver
g)
 - 0.42 5.21 - 0.41 5.21 
Total XS generation
h)
 2.25 1.67 6.44 10.81 6.20 10.98 
Total simulation 7.78 7.16 11.95 70.06 65.26 71.39 
a) Elapsed time in reading the XS and RI libraries.  
b) Elapsed time in solving MOC fixed-source problem for the fuel. 
c) Elapsed time in solving MOC fixed-source problem for the cladding.  
d) Elapsed time in interpolating the multi-group XS and RI from the multi-group XS library and the RI library.  
e) Elapsed time in calculating the macroscopic pointwise energy XSs of the nuclide groups. 
f) Elapsed time in collapsing the pointwise energy XS to the multi-group XSs. 
g) Elapsed time in solving the slowing-down equation and calculating the collision probabilities. 
h) Total elapsed time in calculating the multi-group XSs  
 
 The time comparison results are shown in Table 22. The results were generated in an OSX 
system with 3.1 GHz Intel Core i7. PSMs perform the energy independent fixed-source calculations to 
consider the shadowing effect. On the other hand, EQ need the 15 fixed-source solutions for the fuel. 
The STREAM code performs the fixed-source MOC calculation for the resonance energy groups 
upper than 4 eV [5]. In case of the 17x17 FA problem, the Dancoff factors are calculated for the fuel 
and the cladding. PSM is not applied on the resonance treatment for the cladding. Both PSM and EQ 
use the common resonance treatment method [5] for the cladding. The cladding resonance treatment 
method is based on the equivalence theory therefore PSM and EQ perform energy group dependent 
MOC fixed-source calculations. Finally, PSM requires 16 MOC fixed-source solutions (1 for the fuel; 
15 for the cladding) while EQ requires 30 fixed-source solutions (15 for the fuel; 15 for the cladding). 
That is why PSM needs about half the computation time in the fixed-source calculation (MOC FSP in 
Table 22) compared to EQ. Obviously, the elapsed time in the fixed-source MOC calculation depends 
on the MOC ray conditions. PSMs solve the slowing-down equations for the individual fuel pins. In 
case of the 17x17 FA problem with the octant symmetry, the slowing-down equations are solved for 
the 39 fuel pins. About 0.41 seconds are spent in the pointwise energy slowing-down calculations for 
all the fuel pins in the problem. PSM spends additional time in the grouping the nuclides and the 
energy condensations. Not negligible time is consumed in these calculations although the calculations 
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are quite simple. Because the pointwise energy XS data are used in PSM, these calculations are 
inevitable. PSM-CPM takes more long time in the slowing-down solver because PSM-CPM calculates 
the collision probability with the CPM solver for all energy points. PSMs spend less time in 
interpolating the RI from the multi-group RI library because PSMs do not use RI look-up table to 
calculate effective XSs of fuel materials.  
 The same problem was solved with the different number of radial sub-regions in the fuel 
pellet. Fig. 84 shows the calculation time as a function of the number of sub-regions in the fuel pellet. 
Both PSM and PSM-CPM are tested with the different number of regions. When the number of rings 
is small, the differences in the calculation time between PSMs are not noticeable. As the number of 
sub-regions increases, the elapsed time used in the XS generation significantly increases with PSM-
CPM. With PSM-CPM, the XS generation has a very big portion of the total simulation. On the other 
hand, the elapsed time in the XS generation with PSM is not much compared to the total simulation 
time. PSM is very effective in reducing the calculation time in the XS generation.  
 
 
Fig. 84. Elapsed time as a function of the number of radial meshes. 
 
 As a conclusion, PSM can calculate the multi-group XS within reasonable computation time. 
PSM saves the calculation time by reducing the number of MOC fixed-source calculations. Even 
though PSM solves the pointwise energy slowing-down equations, the calculation time is not 
problematic because the various techniques are applied to enhance the performance of PSM. PSM-
CPM takes significantly long time in calculating the multi-group XSs with the many number of sub-
regions in the fuel pellet. Nevertheless, PSM-CPM is still useful because more than 5 sub-regions are 
hardly used in the practical calculation for the UO2 pin-cell. As discussed in the previous sections, 
PSM-CPM shows better accuracy than PSM when the significantly non-uniform temperature profile 
is used. There are pros and cons of PSM-CPM, i.e., better accuracy but slower. Users or developer can 
choose the options depending on their desired accuracy in the results.   
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V. Discussion 
 
 In Section IV, various LWR problems were solved to verify the accuracy of PSMs. PSMs 
showed high accuracy in the eigenvalue, the reaction rates, the multi-group XSs, and the pin-power 
distribution. It should be noted that PSMs use the following assumptions.  
 First, PSM (not PSM-CPM) assumes the constant material composition and the temperature 
profile inside the fuel pellet when the collision probabilities are calculated. This is because the 
collision probabilities in the sub-regions of the isolated fuel pellet are generated as a function of the 
total XS of the fuel pellet to avoid the time consuming energy dependent calculations for the collision 
probabilities. Traditionally, it has been usually assumed that the material composition is constant in 
the UO2 fuel pellet. Even though the single region is used in the calculation, the results are reasonably 
accurate compared to that with subdivisions in the fuel pellet. The recent trend in reactor physics 
requires more detailed information such as the radial distributions in terms of the burnup, the power, 
the material composition and the temperature. PSM partially considers the non-uniform conditions 
with the average total XS of the fuel pellet in computing the collision probabilities. In Sections 4.5, 
4.6, and 4.7, it was verified that PSM still gives quite accurate solutions even with the assumption. 
When the temperature profile in the pellet is significantly steep, PSM tends to underestimate the 
eigenvalue. There were the tilted reaction rates and multi-group XSs in the pellet. Nevertheless, PSM 
is still quite accurate to solve most of the problems which would be encountered in the reactor design. 
PSM-CPM was developed to eliminate the assumption in PSM. PSM-CPM showed very accurate 
solutions even for the pin-cell problems with the very steep temperature profiles. However, PSM-
CPM is computationally expensive than PSM. There are advantage and disadvantage in PSM-CPM. 
Users and code developers can choose appropriate methods between PSM and PSM-CPM depending 
on their applications and desired accuracy.  
 Second, when the shadowing effect is considered with the Dancoff factor, it is assumed that 
all fuel pins in a given problem are identical. This comes from the black pin assumption in the 
Dancoff factor calculation. The assumption can cause error when the fuel pins have significantly 
different fuel materials each other, such as fuels used in the fast reactor design. In this case, the 
shadowing effect of nuclides should be considered individually [40]. In this case, the fixed-source 
MOC transport calculations are needed to be performed for the individual nuclides. Therefore the 
calculation time in the XS generation must be increased. In LWR analyses, however, the assumption 
still gives accurate results because similar fuels are used in the reactor core. This was verified in 
Section 4.9. Many lattice physics codes have used this assumption [1], because the assumption does 
not cause noticeable error.  
 PSMs have the following advantages compared to the contemporary resonance self-shielding 
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methods. First, PSMs eliminate error from the resonance scattering source which cannot be treated in 
the existing equivalence theories. As discussed in Section II, the resonance scattering source causes 
significant error in the effective XSs. The derivation of the effective XS with the multi-term rational 
equation and the scattering source distribution in the fuel pellet causes error when the fuel has a 
significant resonance scattering XS. Second, the resonance interference effect is considered 
spontaneously because PSMs solve pointwise energy slowing-down equations with mixed fuel 
material. Third, PSMs can reduce the number of the fixed-source MOC transport calculations in the 
resonance treatment. This advantage makes it possible to generate the effective multi-group XS faster 
than the equivalence theory when the fixed-source calculation is computationally expensive (i.e., 
rigorous MOC condition). Fourth, PSMs do not need to use the pre-generated resonance integral 
library. The lattice physics codes based on the equivalence theory use the multi-group RI library 
generated in the homogeneous system using the NJOY code. The neutron transport codes using the 
subgroup method or ESSM require the complicated RI library (or subgroup weight) which is 
generated in the heterogeneous system. The heterogeneous library should be generated as functions of 
not only the background XS but also the heterogeneous information such as the volume ratio of the 
fuel to moderator. On the other hand, PSMs use the multi-group XS library and the pointwise energy 
XS library. The data of the fast and thermal multi-group XSs, the scattering matrix, the high order 
scattering XSs, the potential scattering XSs, and the mass comes from the multi-group XS library. It 
should be noted that the STREAM code uses the equivalence theory to calculate the effective multi-
group XS of the structure materials such as the cladding. Therefore, the RI library for the structure 
materials is needed. However, the equivalence theory gives accurate results for the structure material 
because the structure does not have the significant resonance self-shielding effect. 
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VI. Conclusions 
 
 A new resonance self-shielding methods, PSMs, was developed to eliminate the limitations 
of the conventional equivalence theory. It was newly figured out that the equivalence theory has 
limitations related to the approximation on the resonance scattering source. With the IR 
approximation in the equivalence theory, the flux and the multi-group XS in the heterogeneous system 
are expressed as combinations of that in the multiple homogeneous systems. In the practical 
calculation, the RI library is generated with the explicit slowing-down solutions although the IR 
approximation is used in the derivation. However, the scattering source in the heterogeneous system 
cannot be written as a combination of the scattering sources in the multiple homogeneous systems if 
the explicit slowing-down sources are used in the derivation. The multi-group XS of 
238
U is 
significantly overestimated because of the inconsistency between the derivation of the effective XS 
and the process of the library generation in the practical calculation. It was shown that the 
overestimated XS is also caused by the spatial distribution of the resonance scattering sources in the 
fuel pellet. The spatial distribution is important because it has significant impact on the fuel escape 
probability. However, the spatial distribution is ignored in the equivalence theory. These limitations in 
the equivalence theory cause significant error in the multi-group XSs around the large scattering 
resonances.  
 In this work, PSMs were newly derived to solve the pointwise energy slowing-down 
equations for the sub-divided fuel pellet and the fictitious moderator region. The collision 
probabilities are calculated through the two-step approach. In the first step, the collision probabilities 
of the isolated pellet with the radial sub-divisions are calculated by using the collision probabilities 
solvers. The look-up table for the collision probability is used as one of options to reduce the 
calculation time. The two methods, PSM and PSM-CPM, were developed depending on how to 
calculate the collision probabilities of the isolated fuel pellet. In the second step, the shadowing effect 
correction factor is calculated with the multi-term rational equation, and applied to adjust the collision 
probabilities from the first step in order to capture the spatial self-shielding effect from neighboring 
fuel rods and structure materials. The pointwise energy slowing-down equations with the calculated 
collision probabilities are solved for individual fuel rods in a given problem, and then multi-group 
XSs are calculated using the slowing-down solutions. The resonance upscattering effect is also 
considered in the multi-group level. Various techniques were implemented to enhance the 
computational efficiency in solving the pointwise energy slowing-down equations.  
 PSMs were verified with various LWR problems which have the uniform and non-uniform 
material compositions and the temperature profiles in the fuel pellets. The verification calculations 
showed good agreement in the eigenvalues with differences in the order of 100 pcm compared to the 
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reference solutions. There was no noticeable difference in the multi-group XSs. The reaction rates and 
the pin power distributions were also accurate enough. Not only the limitations related to the 
resonance scattering source were resolved successfully but also the resonance interference effect was 
considered spontaneously because PSMs solve the pointwise energy slowing-down equations with 
mixed fuel nuclides. It was also demonstrated that the computation times using PSMs are comparable 
to those with the conventional equivalence theory methods due to the reduction of the required 
number of fixed-source MOC transport calculations in the resonance treatment. In conclusion, PSMs 
successfully overcame the limitations in the conventional equivalence theory, and showed great 
accuracy in the calculations of the reactor parameters with little compromise in the computational cost. 
Therefore, PSMs are expected to be very useful for current neutron transport codes. 
  
109 
References 
 
1. D. Knott, A. Yamamoto, Lattice Physics Computations, in: D.G. Cacuci (Ed.), Handbook of 
Nuclear Engineering, Springer US, Boston, MA, 2010: pp. 913–1239. doi:10.1007/978-0-387-
98149-9_9. 
2. R.J.J. Stamm'ler, M.J. Abbate, Methods of steady-state reactor physics in nuclear design, London: 
Academic Press, 1983.  
3. J. Rhodes, K. Smith, D. Lee, CASMO-5 Development and Applications, PHYSOR-2006, 
Vancouver, BC, Canada, 2006. 
4. D.J. Powney, T.D. Newton, Overview of the WIMS 9 resonance treatment, Serco Assurance, 
Dorchester, ANSWERS/WIMS/TR.26, 2004.  
5. S. Choi, H. Lee, S.G. Hong, D. Lee, Resonance self-shielding methodology of new neutron 
transport code STREAM, J. Nucl. Sci. Technol. 52 (2015) 1133–1150. 
doi:10.1080/00223131.2014.993738. 
6. H. Koike, K. Yamaji, K. Kirimura, D. Sato, H. Matsumoto, A. Yamamoto, Advanced resonance 
self-shielding method for gray resonance treatment in lattice physics code GALAXY, J. Nucl. 
Sci. Technol. 49 (2012) 725–747. doi:10.1080/00223131.2012.693885. 
7. S. Choi, A. Khassenov, D. Lee, Resonance self-shielding method using resonance interference 
factor library for practical lattice physics computations of LWRs, J. Nucl. Sci. Technol. (2015) 
1–13. doi:10.1080/00223131.2015.1095686. 
8. L. Cao, Q. Zhang, H. Wu, Y. Zheng, An Improved Resonance Self-Shielding Calculation 
Method Based on Equivalence Theory, Nucl. Sci. Eng. 179 (2015) 233–252. 
doi:10.13182/NSE13-108. 
9. A. Yamamoto, T. Endo, H. Koike, Improved Derivation of Multigroup Effective Cross Section 
for Heterogeneous System by Equivalence Theory, Nucl. Sci. Eng. 168 (2011) 75–92. 
doi:10.13182/NSE10-50.  
10. C.C. Stoker, Z.J. Weiss, Spatially dependent resonance cross sections in a fuel rod, Ann. Nucl. 
Energy. 23 (1996) 765–778. doi:10.1016/0306-4549(95)00074-7.  
11. Z. Xu, J. Rhodes, K. Smith, CASMO-5 VERSUS MCNP-5 BENCHMARK OF RADIAL 
POWER PROFILE IN A FUEL PIN, M&C 2009, Lagrange Park, IL, 2009. 
12. H. Matsumoto, M. OUISLOUMEN, T. TAKEDA, Development of Spatially Dependent 
Resonance Shielding Method, J. Nucl. Sci. Technol. 42 (2012) 688–694. 
doi:10.1080/18811248.2004.9726438.  
13. S. Choi, C. Lee, D. Lee, Resonance treatment using pin-based pointwise energy slowing-down 
method, J. Comput. Phys. 330 (2017). doi:10.1016/j.jcp.2016.11.007. 
110 
14. A. Yamamoto, Evaluation of Background Cross Section for Heterogeneous and Complicated 
Geometry by the Enhanced Neutron Current Method, J. Nucl. Sci. Technol. 45 (2012) 1287–
1292. doi:10.1080/18811248.2008.9711916.  
15. T. Goorley, M. James, T. Booth, F. Brown, J. Bull, L.J. Cox, J. Durkee, J. Elson, M. Fensin, R.A. 
Forster, J. Hendricks, H.G. Hughes, R. Johns, B. Kiedrowski, R. Martz, S. Mashnik, G. 
McKinney, D. Pelowitz, R. Prael, J. Sweezy, L. Waters, T. Wilcox, T. Zukaitis, Initial MCNP6 
Release Overview, Nucl. Technol. 180 (2012) 298–315. doi:10.13182/NT11-135.  
16. Y. Liu, W. Martin, M. Williams, K.S. Kim, A Full-Core Resonance Self-Shielding Method 
Using a Continuous-Energy Quasi–One-Dimensional Slowing-Down Solution that Accounts for 
Temperature-Dependent Fuel Subregions and Resonance Interference, Nucl. Sci. Eng. 180 (2015) 
247–272. doi:10.13182/NSE14-65.  
17. K.S. Kim, M.L. Williams, D. Wiarda, T. Andrew, Development of a New 47-Group Library for 
the CASL Neutronics Simulator, M&C+SNA+MC 2015, Nashville, TN, 2015.  
18. Carlvik, A method for calculating collision probabilities in general cylindrical geometry and 
applications to flux distributions and Dancoff factors, Aktiebolaget Atomenergi, Stockholm 
(Sweden), A/CONF. 28/P/681, 1964. 
19. W.G. Bickley, J. Nayler, A short table of the functions Ki n (x), from n=1 to n=16, London, 
Edinburgh, Dublin Philos. Mag. J. Sci. 20 (1935) 343–347. doi:10.1080/14786443508561483.  
20. F. Leszczynski, Neutron resonance treatment with details in space and energy for pin cells and 
rod clusters, Ann. Nucl. Energy. 14 (1987) 589–601. doi:10.1016/0306-4549(87)90094-6 
21. P.H. Kier, A.A. Robba, RABBLE: A Program for Computation of Resonance Absorption in 
Multiregion Reactor Cells, Argonne National Laboratory, ANL-7326, 1967.  
22. D. Lee, K. Smith, J. Rhodes, The impact of 238U resonance elastic scattering approximations on 
thermal reactor Doppler reactivity, Annals of Nuclear Energy. 36 (2009) 274–280. 
doi:10.1016/j.anucene.2008.11.026.  
23. Y. Li, Q. He, L. Cao, H. Wu, T. Zu, Resonance Elastic Scattering and Interference Effects 
Treatments in Subgroup Method, Nucl. Eng. Technol. 48(2) (2016) 339-350. 
http://dx.doi.org/10.1016/j.net.2015.12.015  
24. B. Becker, R. Dagan, C.H.M. Broeders, G. Lohnert, AN ALTERNATIVE STOCHASTIC 
DOPPLER BROADENING, M&C 2009, LaGrange Park, IL, 2009. 
25. A.C. Kahler, R.E. MacFarlane, D.W. Muir, R.M. Boicourt, The NJOY Nuclear Data Processing 
System, Version 2012, Los Alamos National Laboratory, LA-UR-12-27079, 2012.  
26. P.K. Romano, B. Forget, The OpenMC Monte Carlo particle transport code, Ann. Nucl. Energy. 
51 (2013) 274–281. doi:10.1016/j.anucene.2012.06.040. 
27. J. Leppänen, M. Pusa, T. Viitanen, V. Valtavirta, T. Kaltiaisenaho, The Serpent Monte Carlo 
code: Status, development and applications in 2013, Ann. Nucl. Energy. 82 (2015) 142–150. 
111 
doi:10.1016/j.anucene.2014.08.024. 
28. N. SUGIMURA, A. Yamamoto, Resonance Treatment Based on Ultra-fine-group Spectrum 
Calculation in the AEGIS Code, J. Nucl. Sci. Technol. 44 (2007) 958–966. 
doi:10.1080/18811248.2007.9711335. 
29. H. Koike, K. Yamaji, K. Kirimura, S. Kosaka, H. Matsumoto, A. Yamamoto, Integration of 
equivalence theory and ultra-fine-group slowing-down calculation for resonance self-shielding 
treatment in lattice physics code GALAXY, J. Nucl. Sci. Technol. (2015) 1–28. 
doi:10.1080/00223131.2015.1076745. 
30. D. Knott, E. Wehlage, Description of the LANCER02 Lattice Physics Code for Single-Assembly 
and Multibundle Analysis, Nucl. Sci. Eng. 155 (2007) 331–354. doi:10.13182/NSE155-331. 
31. H.G. Joo, G.Y. Kim, L. Pogosbekyan, Subgroup weight generation based on shielded pin-cell 
cross section conservation, Ann. Nucl. Energy. 36 (2009) 859–868. 
doi:10.1016/j.anucene.2009.03.017. 
32. R.D. Mosteller, The Doppler-defect benchmark: overview and summary of results, M&C+SNA 
2007, Monterey, CA, 2007. 
33. Y.S. Jung, C.H. Lim, H.G. Joo, Temperature dependent subgroup formulation with number 
density adjustment for direct whole core power reactor calculation, Ann. Nucl. Energy. 96 (2016) 
249–263. doi:10.1016/j.anucene.2016.06.001. 
34. A.T. Godfrey, VERA core physics benchmark progression problem specifications, Oak Ridge 
National Laboratory, Oak Ridge National Laboratory, CASL-U-2012-0131-004, 2014. 
35. K.S. Kim, Specification for the VERA Depletion Benchmark Suite, Oak Ridge National 
Laboratory, CASL-X-2015-1014-000, 2015. 
36. J. Leppänen. Serpent – a Continuous-energy Monte Carlo Reactor Physics Burnup Calculation 
Code, VTT Technical Research Centre of Finland, 2015. 
37. D. Lee, J. Rhodes, K. Smith, Quadratic Depletion Method for Gadolinium Isotopes in CASMO-5, 
Nucl. Sci. Eng. 174 (2013) 79–86. doi:10.13182/NSE12-20. 
38. A. Yamamoto, M. TABUCHI, N. SUGIMURA, T. USHIO, M. MORI, Derivation of Optimum 
Polar Angle Quadrature Set for the Method of Characteristics Based on Approximation Error for 
the Bickley Function, J. Nucl. Sci. Technol. 44 (2012) 129–136. 
doi:10.1080/18811248.2007.9711266. 
39. S. Choi, K. Smith, H.C. Lee, D. Lee, Impact of inflow transport approximation on light water 
reactor analysis, J. Comput. Phys. 299 (2015) 352–373. doi:10.1016/j.jcp.2015.07.005. 
40. C. Lee, W.S. Yang, An improved resonance self-shielding method for heterogeneous fast reactor 
assembly and core calculations, M&C 2013, Sun Valley, Idaho, 2013. 
 
 Acknowledgements  
 
 가장 먼저, 학부부터 대학원, 박사 졸업까지 저를 지도해주신 이덕중 교수님께 
감사드립니다. 대학원 진학 결정에 있어서 큰 영향을 주셨고 제가 흥미 있게 연구할 수 
있는 분야를 찾아주셔서 박사 졸업까지 무사히 마치게 될 것 같습니다. 대학원 생활 
내내 저를 북돋워 주시고, 칭찬해주시고, 믿어주신 것이 저에게 큰 동기부여가 되었고 
현재까지 오게 된 원동력이 되었습니다. 많이 혼나기도 하였지만 지금 생각하면 그것이 
좋은 경험으로 남아있고 더욱 발전할 수 있게 된 계기였습니다. 또한, 노물리 중에서도 
교수님의 전문 분야를 제가 이어서 연구할 수 있도록 해주신 점도 저에겐 큰 행운이었고 
특혜였습니다. 교수님의 경험과 기술을 습득한 덕분에 헤매지 않고 빠른 길로 오게 된 
것 같습니다. 앞으로도 많은 지도 부탁드리고 계속해서 발전하는 모습을 보여드릴 수 
있도록 노력하겠습니다.  
 반 년간 아르곤 연구소에서 인턴으로 연구할 수 있도록 기회를 주신 이창호 
박사님께 특별히 감사를 표합니다. 바쁘신데도 매주 시간을 할애하여 제 연구를 
살펴주시고 지도해주셨던 것이 다양한 시도를 해보게 된 계기가 되었고, 인턴 중에 
개발한 방법을 더 발전시켜 박사 학위를 받게 되었습니다. 저에겐 정말 좋은 기회를 
주시고 지도해주셔서 감사합니다.  
 우리 올드 대학원생 태우형, 현석이형, 치동이, 지원이 및 신입 대학원생 민용이, 
원경이형, 진수, 한주, 기호, 윤기, 은이, Azamat, 상걸이형, Bamidele 모두 열심히 해주고 
많이 도와줘서 고맙습니다. 올드 대학원생들 랩 초창기부터 지금까지 동고동락하며 
지내며 고생 많이 했어요. 덕분에 여러모로 많이 배웠고 즐거웠습니다. 태우형, 랩 
초기부터 뭣도 모르는 애들 데리고 궂은일 도맡아 하면서 랩 정착시킨다고 정말 고생 
많이 하셨어요. 우리 랩원들 모두 지금처럼 계속 잘 지내고 열심히 했으면 좋겠고 저도 
많이 돕도록 하겠습니다.  
 저의 박사 논문의 질을 향상할 수 있도록 심사해주시고 많이 가르쳐주신 손동성 
교수님, 최성열 교수님, 주한규 교수님, 이현철 교수님 감사드립니다. 매우 심도 있고, 
날카롭고, 많은 질문 및 과제를 주셔서 저의 박사 논문을 한 단계 더 끌어올릴 수 
있었으며, 아직도 많이 부족하지만 결과를 분석하는 시야와 생각의 폭을 넓힐 수 
있었습니다.  
 저를 낳아주시고 물심양면으로 지원해주신 부모님과 항상 저를 챙겨주는 누나, 
어렸을 때부터 키워주신 할머니, 이모, 항상 제 건강 걱정해주시고 저를 생각해주시고 
격려해주시고 배려해주셔서 감사합니다. 가족분들 덕분에 성공적으로 박사과정 마칩니다.  
 마지막으로 힘들거나 지칠 때를 비롯하여 대학원 생활 내내 곁에서 챙겨주고 
즐겁게 해준 영신이 정말 고맙고 앞으로도 잘 부탁해. 
   
 Journal Publications  
 
1. Sooyoung Choi, Kord Smith, Hanjoo Kim, Taewoo Tak, Deokjung Lee, “On the Diffusion 
Coefficient Calculation in Two-step Light Water Reactor Core analysis,” J. Nucl. Sci. Technol., 
submitted, 2017. 
2. Sooyoung Choi, Changho Lee, Deokjung Lee, “Resonance Treatment using Pin-Based 
Pointwise Energy Slowing-Down Method,” J. Comput. Phys., 330: 134-155, 2017. 
http://dx.doi.org/10.1016/j.jcp.2016.11.007 
3. Sooyoung Choi, Azamat Khassenov, Deokjung Lee, “Resonance Self-Shielding Method Using 
Resonance Interference Factor Library for Practical Lattice Physics Computations of LWRs,” J. 
Nucl. Sci. Technol., 53 (8): 1142-1154, 2016. http://dx.doi.org/10.1080/00223131.2015.1095686 
4. Sooyoung Choi, Kord Smith, Hyun Chul Lee, Deokjung Lee, “Impact of Inflow Transport 
Approximation on Reactor Light Water Reactor Analysis,” J. Comput. Phys., 299: 352-373, 2015. 
http://dx.doi.org/10.1016/j.jcp.2015.07.005 
5. Sooyoung Choi, Hyunsuk Lee, Ser Gi Hong, Deokjung Lee, “Resonance Self-Shielding 
Methodology of New Neutron Transport Code STREAM,” J. Nucl. Sci. Technol., 52(9): 1133-
1150, 2015. http://dx.doi.org/10.1080/00223131.2014.993738 
6. Sooyoung Choi, Chidong Kong, Deokjung Lee, Mark L. Williams, “A New Equivalence theory 
Method for Treating Doubly Heterogeneous Fuel – II: Verifications,” Nucl. Sci. Eng., 180(1): 41-
57, 2015. http://dx.doi.org/10.13182/NSE14-72 
7. Youqi Zheng, Sooyoung Choi, Deokjung Lee, “A New Approach to Three-Dimensional Neutron 
Transport Solution Based on the Method of Characteristics and Linear Axial Approximation,” J. 
Comput. Phys., submitted, 2017. 
8. Hanjoo Kim, Sooyoung Choi, Minyong Park, Deokjung Lee, Hyun Chul Lee, "Extension of 
Double Heterogeneity Treatment Method for Coated TRISO fuel particles," Ann. Nucl. Energy, 
99: 124-135, 2016. http://dx.doi.org/10.1016/j.anucene.2016.07.026 
9. Mark L. Williams, Sooyoung Choi, Deokjung Lee, “A New Equivalence theory Method for 
Treating Doubly Heterogeneous Fuel – I: Theory,” Nucl. Sci. Eng., 180(1): 30-40, 2015. 
http://dx.doi.org/10.13182/NSE14-68 
10. Hyunsuk Lee, Sooyoung Choi, Deokjung Lee, “A Hybrid Monte Carlo/Method-of-
Characteristics Method for Efficient Neutron Transport Analysis,” Nucl. Sci. Eng., 180(1): 69-85, 
2015. http://dx.doi.org/10.13182/NSE13-102 
11. Hyunsuk Lee, Sooyoung Choi, Kyoon Ho Cha, Kwangho Lee, Deokjung Lee, “New 
Calculational Model for Self-Powered Neutron Detector Based on Monte Carlo Simulation,” J. 
Nucl. Sci. Technol., 52(5): 660-669, 2015. http://dx.doi.org/10.1080/00223131.2014.975766 
 
